GROMOV-WITTEN THEORY OF SCHEMES IN MIXED CHARACTERISTIC 



FLAVIA POMA 



Abstract. We define Gromov-Witten classes and invariants of smooth projective schemes of finite 
presentation over a Dedekind domain. We prove that they are deformation invariants and verify 
the fundamental axioms. For a smooth projective scheme over a Dedekind domain, we prove that 
the invariants of fibers in different characteristics are the same. We show that genus zero Gromov- 
Witten invariants define a potential which satisfies the WDVV equation and we deduce from this 
a reconstruction theorem for genus zero Gromov-Witten invariants in arbitrary characteristic. 
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1. Introduction 

Gromov-Witten theory was originally introduced for compact symplectic manifolds by Chen and 
Ruan ([7]) and was later developed in the algebraic language for smooth projective varieties over 
a field of characteristic zero (|17j. [6], |13]). The construction in the algebraic setting is based on 
Kontsevich's moduli stack, denoted by A^g^„(A, /?), of n-pointed stable maps of genus g and class 
P € Ai{X) into a smooth projective variety X. This stack is defined for any projective scheme 
X of finite presentation over a noetherian base scheme S and is a proper algebraic stack over S 
with finite stabilizers ([!]). When the base is a field k of characteristic zero, the stack A1g^„(A, (3) is 
Deligne-Mumford and admits a perfect obstruction theory (|5j). This leads to a virtual fundamental 
class [A4g^niX, /3)]™^ € A*(Alg,n(A, and the Gromov-Witten invariants of X are obtained by 

integrating cohomology classes on X against [^Ag^niX, (3)]™^ . 

In this paper we define Gromov-Witten classes and invariants associated to smooth projective 
schemes of finite presentation over a Dedekind domain. The main motivation for us is to compare 
the invariants in different characteristics for schemes defined in mixed characteristic. We hope that 
this approach could give a useful insight into the Gromov-Witten theory in characteristic zero, 
providing a new technique for computing Gromov-Witten invariants. 

The main problem in developing Gromov-Witten theory in positive or mixed characteristic is that 
in general the stack A^g^„(A, /3) is not Deligne-Mumford. When the base is a field of characteristic 
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p > 0, then Mg^ni^, P) is still Deligne-Mumford for certain values of the fixed discrete parameters 
n, (3 which are big with respect to p. However, this is not satisfactory from the point of view of 
Gromov-Witten theory, because most of the properties of Gromov-Witten invariants (e.g. WDVV 
equation, Getzler relations) involve all the invariants at the same time. 

The strategy we follow to construct Gromov-Witten invariants for varieties in mixed characteris- 
tic is to extend the construction in to the case of a morphism of Deligne-Mumford type of Artin 
stacks over a scheme S. In particular, we describe a way of constructing virtual fundamental classes 
of Artin stacks which admits a Deligne-Mumford type morphism into a smooth Artin stack and a 
relative perfect obstruction theory. We apply this to the natural forgetful functor 6: A4g^n{X, (3) — )• 
Tlg^n, which is representable and quasi-projective, after we exhibited a perfect relative obstruction 

theory for 6, and we construct a virtual fundamental class [A^g,n(X, /3)]"'* G A^:{M.g^niX, (3)). 

1.1. Outline of the paper. In section [2] we recall the definition of Kontsevich's moduli stack of 
stable maps for schemes X of finite presentation over a Dedekind domain. We define the stack 
■M.g^n{-^/s, f3r]) which parametrizes stable maps to X, but we take to be a cycle class over 
the generic fiber of X rather than over X itself. This stack turns out to be more conve- 
nient when we want to compare the Gromov-Witten invariants in mixed characteristic. We prove 
that Mg,n{^/s, Pt]) is a proper Artin stack with finite stabilizers and that it has the resolution 
property. Section [3] is devoted to illustrating the definition of the relative intrisic normal cone 
and extending to Deligne-Mumford type morphisms of Artin stacks the techniques used in [5] 
for constructing virtual fundamental classes of Deligne-Mumford stacks. In this way, we are able 
to construct virtual fundamental classes of Artin stacks which admits a Deligne-Mumford type 
morphism into a smooth Artin stack and a relative perfect obstruction theory. Moreover, using 
the deformation theory of stacks, we prove a criterion for verifying whether a complex is an 
obstruction theory. In section U] we construct explicitly a perfect obstruction theory relative to 
the natural forgetful functor 9: Aig^n{X, (3) — )• Tlg^n- This leads to a virtual fundamental class 

[■Mg^niX, P)]™^ £ A^{M.g^n{X, (3)). In section [5] we define Gromov-Witten classes and invariants 
associated to smooth projective schemes of finite presentation over a Dedekind domain. We prove 
that they are deformation invariants and verify the fundamental axioms. For a smooth projective 
scheme over a Dedekind domain, we prove that the invariants of fibers in different characteris- 
tics are the same. Section [6] contains some results for genus zero Gromov-Witten invariants. We 
show that the Gromov-Witten potential satisfies the WDVV equation and we deduce from this a 
reconstruction theorem for genus zero Gromov-Witten invariants in arbitrary characteristic. 

In appendix |A] we recall the formal criterion for smoothness of schemes and prove it for stacks; 
moreover, we study the deformation theory of Artin stacks and of Deligne-Mumford type morphisms 
of Artin stacks (over a base scheme), which is a key point in the construction of a perfect relative 
obstruction theory. These results are well-known to the experts and we include a proof for com- 
pleteness. Appendix [B] is devoted to intersection theory on Artin stacks over a Dedekind domain. 
In particular we observe that Kresch's intersection theory for stacks over a field ([H]) extends nat- 
urally to stacks over a Dedekind domain. As a consequence we are able to generalize Manolache's 
construction of the virtual pullback ([21]) for Deligne-Mumford type morphisms of Artin stacks 
over a Dedekind domain. An essential ingredient for defining Gromov-Witten invariants in posi- 
tive and mixed characteristic is the non-representable proper pushforward for morphisms of Artin 
stacks. We describe the construction of this pushforward as suggested in [lOj. In addition, we prove 
Costello's pushforward formula for proper morphisms of Artin stacks with quasi-finite diagonal. 

1.2. Future work. A natural generalization would be to develop a Gromov-Witten theory for tame 
Deligne-Mumford stacks in positive or mixed characteristic, using the moduli stack of twisted stable 
maps constructed in [2j. 
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In another direction, it would be interesting to prove a degeneration formula in the mixed char- 
acteristic setting. This would give a useful tool to compute Gromov-Witten invariants of varieties 
in characteristic zero out of simpler invariants of varieties in positive characteristic. We imagine 
this is far from easy, but we hope to return to these points in a future paper. 

1.3. Acknowledgements. I am very grateful to my Ph.D. supervisors, Barbara Fantechi and 
Angelo Vistoli, for their support and for very helpful conversations. This paper will form part of 
my Ph.D. thesis. I learned a lot during a three mounths stay at Stanford University. I would like 
to thank Prof. Jun Li and Prof. Ravi Vakil for their hospitality. Grateful thanks are extended for 
the wonderful work enviroment. 

A special thank is due to Stefano Maggiolo and Fabio Tonini for providing ICommu i a software 
to draw commutative diagrams in I^T^iX, which has been of great help during the drafting of this 
paper. 

I want to acknowledge my host institution SISSA for support; I was partly supported by prin 
"Geometria delle varieta algebriche e dei loro spazi di moduli", by Istituto Nazionale di Alta 
Matematica. 

1.4. Notations. We write (Sch/5) for the category of schemes over a base scheme S. For a scheme 
X € (Sch/s), we denote by A^{^/s) the group of numerical equivalence classes of cycles. All stacks 
are Artin stacks in the sense of [3], |19j and are of finite type over a base scheme. Unless otherwise 
specified, the words "stack of stable maps" refer to M.g^n{-^ /s, l^n) in Definition 12.61 



2.1. Stacks of stable maps (fT] 2). Let D he a. Dedekind domain and set S = Specif. Let X 

be a projective S'-scheme of finite presentation and let ^(1) be a very ample sheaf on X. We fix 
/3 G ^1(^/5) and integers 5 > 0, n > 0, d > 1. 

2.1. Definition. Let T be a scheme over S. Let C = (C A r,ti,/), where 

(1) the morphism vr is a projective fiat family of curves, 

(2) the geometric fibers of vr are reduced with at most nodes as singularities, 

(3) the sheaf 'k^ujc/t is locally free of rank g (where ujc/t is the relative dualizing sheaf), 

(4) the morphisms ti, . . . ,t„ are sections of vr which are disjoint and land in the smooth locus 
of vr, 

(5) / : C — )• X is a morphism of S-schemes, 

(6) the group scheme Aut(C, /, vr, ti) of automorphisms of C, which commute with /, vr and 
is finite over T. 

We say that is a stable n-pointed map of genus g and 

(a) degree d if the degree of f*0'{l) on geometric fibers of vr is d; 

(b) class (5 if, for every geometric point f — )■ T, we consider the following induced morphisms 



Cj = C ^Tt ^ Xj = X -Kst ^ X^ = X -Ks^ ^ Xs= X -xs s ^ X, 

where s = Spec /c € 5 is the image of t and s = Spec fc, with k a separable closure of k, then 
we have fjJyCj] = t*(¥^), where i*/3 G Ai{Xs/s) induces ¥]3 G Ai{^-/s). 

2.2. Definition. Let T and T' be schemes over S. Given two stable maps ^ = (C T,ti,f) and 
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2.3. Definition. We denote by Mg^ni-^/s, d) the category fibered in groupoids over (Sch/^) of stable 
n-pointed maps of genus g and degree d into X. We denote by Mg^n{-^/s., /?) the category of stable 
maps of class /3. 

2.4. Theorem ([1] 2.5). The category A4g^ni^/s, d) is a proper Artin stack over S with finite stabi- 
lizers, admitting a projective coarse moduli scheme M g^n{-^ /s,d) — )■ 5. The category A4g^n{^/s, (3) 
is an open and closed substack of Mg^ni^/^^d). 

2.2. An other stack of stable maps. Let t] be the generic point of S and set X^j = X Xs rj. 
Fix G Ai{Xv/r]). For any closed point s £ S, we denote by Xs the fiber over s. Let xris C D 
be the maximal ideal corresponding to s and consider the localization R = Z^^s of D at ms- Let 

Xs = X Xs Spec R and let Xs — >■ X and — >■ X be the natural inclusions. Notice that i? is a 
dicrete valuation ring and, by [12] 20.3, there exists a specialization homomorphism 

as: A^x,/^) ^ A^x^/s), 

sending a cycle a to ra, for some 5 € A^{x^/r) such that j*a = a. By [12] 20.3.5, there exists an 
induced specializzation homomorphism 

a;: A^x^/rj) ^ A^x^/s), 

where rj and s are geometric points over rj and s. We denote by G Ai{x:-/rj) the cycle class 
induced by and we notice that o7 = as{(3rj)- 

2.5. Definition. A stable n-pointed map of genus g and class into A is ^ = (C T,ti,f ) as in 
Definition 12.11 which satisfies conditions (l)-(5) and the following 

(c) with notations as in condition (6) in Definition 12.11 for every geometric fiber Cj of vr, we 
have/jJCj]=r*a7(A;). 

2.6. Definition. We denote by M.g^n{-^ /s, j^n) the category fibered in groupoids over (Sch/^) of 
stable n-pointed maps of genus g and class /S^, into A. 

2.7. Corollary. T/ie category A^g,n(^/s, is a proper Artin stack over S with finite stabilizers, 
admitting a projective coarse moduli scheme Mg^n{^/s, (^rj) — S. 

Proof. Let d = deg/3,,. It is enough to show that Aig^ni-^/s, /3rj) is an open and closed substack of 
Mg^n{^/s,d). Notice that Mg^n{^/s, Pr,) = \J^g,n{^/s, l3), where the union is over /3 G ^41(^/5) 
such that = By Theorem \2A\ Mg n{x/s,l3r^) is an open substack of Aig^n{-^/s,d), because 
it is a union of open substacks. On the other hand Mg^n{^/s,d) \M-g^n{^/s, = \_\Mg^ni^/s, 13) 
is open, where the union is over /3 G ^1(^/5) such that degP = d, j* (3 7^ j3r^. It follows that 
■M.g^n{^/s, fir]) is a closed substack of Adg^n{-^/s, d). □ 

2.8. As noted in [13J and [6|, there is a representable and quasi-projective morphism 

e:Mg,n{^/S,Pr,)^Tl,.„/s, 

which forgets the morphism into A. Recall, moreover, that the stack ^Mg.n/s is smooth of dimension 
35 — 3 + 71 over S. 

2.9. For every 5-scheme T, a morphism T — > Aig^ni-^/s, Prj) corresponds to a stable map {Ct — > 
T,ti,fT) over T, then, by descent theory, the identity of Aig^ni-^/s, Pr^) corresponds to a universal 
stable map ("^ A A4g^n{^/s, f3ri),ai,'ip). 

2.10. Remark. Let ^ = wc/tCELi ^i) '»/*^(3), is the image oft,. By [Ij 2.2, the sheaf is 
relative very ample and has no higher cohomology along geometric fibers, for > 3 fixed. Moreover 
dimH'^{C,^'^'^) = M + 1 and deg.if®'^ are constant along geometric fibers, and Mg^ni^/s, f3ri) = 
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[^/PGL(Af + 1)], where F is a quasi-projective scheme parametrizing stable maps {C — )• T,ti,f) 
together with a choice of a basis s = [sq, . . . , sm) of H^{C^^®^) up to scalar multiplication 
(the action of PGL(M + 1) on ^ is the natural action on the bases of H^{C,^®^) up to scalar 
multiplication) . 

2.11. Theorem. The resolution property holds for A4g^ni^/s, l^rj)- 

Proof. Set G = PGL(M+1). By Remark 12.101 and [25], it is enough to show that every G-equivariant 
coherent sheaf on y is a quotient of a G-equivariant vector bundle on V. 

We need to construct a G-equivariant ample line bundle L onV. Recall that ^ is a locally closed 
subscheme of Horn// (U, X) , where H = Hilb^ i^^) is the Hilbert scheme of closed subschemes of P^^ 
with Hilbert polynomial P and U is the universal family of H ([I] 2.2). Notice that Hom/f (W, X) C 
Hilb(WxsX) and recall that iiilh{UxsX) is locally closed in the Grassmannian Gr(r, T{UxsX, E)), 
where E = (^^(1) (8> i^x{^))^"^, for sufficiently large m. Thus we have a sequence of inclusions 

V ^RomHiU,X) ^mih{U XsX) ^ GT{r,r{U XsX,E)) Ap(^/\r(^/ xsX,E)'^ 

where i is the Pliicker embedding. Moreover G acts naturally on each of these schemes (the action is 
induced by the action on U and the trivial action on X) and observe that all the above inclusions are 
G-equivariant. It follows that i*i^pa (1) is a G-equivariant ample line bundle on the Grassmannian 
and thus the pullback of i*i^pa (1) to V is a G-equivariant ample line bundle L on V. 

Let F be a G-equivariant coherent sheaf on V. Then there exists m € Z such that F (8> L*^™ is 
generated by G-equivariant global sections. This gives a G-equivariant surjection 

H^iV, F L®") (g) ^ F L®'", 

which induces a G-equivariant surjection H^{y,F ®L®'^) 0L^~^ F, and the statement follows. 

□ 

2.12. Corollary. There exists a quasi-affine scheme W with an action of the group GL(m), for 
some m, such that Mg_n{^/s, f3ri) — [^/GL{m)]. In particular A4g^n{^/s, (3r^) is a global quotient 
stack in the sense of [18j 3.5.4- 

Proof. Follows from Theorem 12.111 and j26j 1.1. □ 

3. Relative intrinsic normal cone 

3.1. In [S], the authors construct a cone stack, associated to a given Deligne-Mumford stack, 
called the intrinsic normal cone and give a relative version of it for morphisms of Deligne-Mumford 
type of Artin stacks over a field. They also introduce the notion of perfect obstruction theory and 
use this to construct virtual fundamental classes of Deligne-Mumford stacks. In this section we 
extend the construction in [5] to the case of a morphism of Deligne-Mumford type of Artin stacks 
over a scheme S. In particular, we describe a way of constructing virtual fundamental classes for 
Artin stacks which admits a Deligne-Mumford type morphism into a smooth Artin stack, with the 
additional condition that Ai satisfies the resolution property. The latter assumption is technical and 
not indeed required; we assume it — since we are interested in constructing a virtual fundamental 
class for the stack of stable maps, which has the resolution property (Theorem 12. lip — because it 
simplifies the proofs. Moreover, we give a criterion to verify whether a complex is an obstruction 
theory. 

3.1. Cones and cone stacks (|5], [27]). Let 5 be a scheme and let A4 be an Artin S'-stack. We 
consider the lisse-etale topos A^iis_^t of A4. Let ^* be a quasi-coherent sheaf of graded ^^vi-algebras 
in the topos M^n^-a such that 

(1) the canonical morphism ^_a4 is an isomorphism, 
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(2) oS^^ is coherent, 

(3) ,5^' is locally generated by ,5^^ . 

3.2. Definition. The cone associated to 5^* is the S'-stack C(^*) associated to the groupoid 
Spec =5^^ =^ SpeCoS^^, where i? ^ C/ is a presentation of M. and (respectively =5^^) is the 
restriction of ,5^* to \J (respectively R). A morphism of cones over M. is induced by a graded 
morphism of sheaves of graded ^_a/( -algebras. 

3.3. Remark. The natural morphism 5^' — )• induces a morphism of S'-stacks 0: ^ C(^*) 
called the vertex of C(o5^*). Moreover the morphism ,5^* — > oS^*[3;] induces an action 7: X5 
C7(^') ^ C(^'). 

3.4. Definition. If ^ is a coherent sheaf of ^_A4-niodules over A^, the cone C{^) associated to 
Sym(^) is called an abelian cone. An abelian cone C{,^) is a vector bundle over if =^ is a locally 
free coherent sheaf over Ad . 

3.5. Remark. The natural morphism Sym(oS^^) — )• S^' is surjective, because <y is locally generated 
by o5^^, hence the induced morphism of cones C{S^*) — ?• C(o5^^) is a closed immersion. The abelian 
cone C{,5^^) is called the abelianization of C = C(=5^*) and it is denoted by A(C). Moreover a 
morphism of cones C ^ C induces a morphism A[C) — ?> A(C"). In particular the abelianization 
defines a functor A from the category of cones over M. to the category of abelian cones over Ad. 

3.6. Definition. A sequence of morphisms of cones 

is exact if is a vector bundle and locally over Ad there is a morphism of cones C ^ E splitting i 
and inducing an isomorphism C = E x C' . 

3.7. Remark. A sequence of coherent sheaves on Ad 

with S' locally free, is exact if and only if 

^ C7(^) ^ C(^) ^ C(^') ^ 

is exact ([12] Example 4.1.7). 

3.8. For the definitions of A^-action and A^-equivariant morphism and 2-isomorphism we refer to 

3.9. Definition. A cone stack over A4 is an algebraic A^-stack C together with a section and an 
A;^-action such that, smooth locally on Ad, there exist a cone C, a vector bundle E over AA and 
a morphism of abelian cones E — ?> j4(C) such that C is invariant under the induced action of E 
on A{C), and there exists an A^-equivariant morphism p/s] ^ C which is an isomorphism. A 
morphism of cone stacks is an A^-equivariant morphism of Al-stacks. A 2-isomorphism of cone 
stacks is an A^-equivariant 2-isomorphism. An abelian cone stack over Al is a cone stack C such 
that smooth locally C = P/s], where C is an abelian cone. A vector bundle stack over Al is a cone 
stack (t such that smooth locally C = p/s], where C is a vector bundle. 

3.10. Abelian cone stacks over Ad form a 2-category denoted by {'^'^^/m). We consider the associ- 
ated homotopy category Ho(^C''S'/a4). 

3.2. Abelian cone stacks and complexes of sheaves. Let C[^^''^l(Coh(A^iis_(St)) be the category 
of complexes {E*,dE) of coherent sheaves in the topos AAns-^t such that h^{E',dE) = 0, for i ^ 
0, —1; consider the subcategory C'l"^'''] (Coh(Aliis_£t)) of complexes {E' , dE) with ker locally free. 
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3.11. Definition. Let ip,^p: {E',dE) {F',dp) be morphisms in ^'°l(Coh(7Wiis_^t))- A homo- 
topy x: ip ^ (f is a. morphism x: E' ^ E*[l] in C'"'^'''] (Coh(A^iis_6t)) such that 



3.12. We can view C''^^''^] (Coh(A1iis_^t)) as a 2-category, where the 2-morphisms are homotopies. 
We define a morphism of 2-categories 

h: C[-i'Ol(Coh(Mus_et))°'' ^ i^^^/M) 

such that h{E*) = [CiE-')/c{E°)] if = [E-^ % E% and h{E') = h{T[_i^o]E') in general. In 
the following we can assume, for every complex E*, that E^ = for i ^ —1,0. li ip : E' F' is a 
morphism of complexes, then it induces a commutative diagram of abelian cones 

1 1 

which gives a morphism of cones h{ip): h{F') h{E'). Finally, x: E^ — )• F^^ is a homotopy of 
morphisms il^, tp of complexes from E' to F*, then xo dp = — V'"^ a,nd dp o x = ip^ — ip^. The 
2-morphism /i(>!r) : /i(V') — >• ^(v') is defined in the following way. For every A^-scheme U and every 
(P, /) G h{F'){U), let {C/i} be an open cover of U such that UiXu P = UiXM C(F°), then 

/i(x)(C/)(P, /) : hmU){P, f) ^ Hip){U){P, f) 
is obtained by gluing the isomorphisms 

XM C{E^) XM C{E% 

where C{x) is the morphism of cones induced by x. In particular h{x) is a 2-isomorphism. 

3.13. Proposition ([5j 1.6, 2.1). Let D^^^'^\Coh{Miis.^t)) be the derived category of complexes 
{E'^dp) of coherent sheaves in the topos A4iis-,it such that ker dp is locally free and h'^{E' ^dp) = 
for i ^ —1,0. Let Ho[^'^^ /m) he the homotopy category associated to {^^^/m). The functor h 
induces a functor of categories 

b^~^^^\Coh{Mus-et))"'"' ^ Ho{ACSlM). 

3.14. Lemma. Let D^~^''^\Coh{M.iis-et)) be the derived category of complexes of coherent sheaves in 
the topos M-iis-it with cohomology sheaves concentrated in degree —1 and 0. If A4 has the resolution 
property then the natural functor 

D^-^'^^^CohiMus-et)) ^ D^-^'^'^CohiMus-et)) 
is an equivalence of categories. 

Proof. Notice that the functor is fully faithfull. We want to show that every complex E* in 

L)[^^'°](Coh(A^iis_^t)) is in the essential image. We can assume E* = [E~^ ^ E^] because t<oE* 
is quasi-isomorphic to E* and r[_i g]-^*- Since A4 has the resolution property, there exists a locally 
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free sheaf and a surjective morphism tp^: ^ E^. We form the cartesian diagram 



dp 

p-1 > ^0 

then F* = [F"^ — ^ F"] G l)[^^'*'l(Coh(A^iis_6t))- We claim that (p : F* E' is a quasi-isomorphism. 
Since ip^ is surjective, we have immediately that h^{(p) is surjective and the following sequence 

^ ^^^^ F^®E-' fO ^ 

is exact. Using this we get that F* is quasi-isomorphic to F° © F*, which is quasi isomorphic to 
E'. □ 

3.15. Lemma. Let D^~Jf\M lis-et) ^6 the derived category of complexes of sheaves of 0'j^-modules 
in the topos Mus-et with coherent cohomology sheaves concentrated in degree —1 and 0. If A4 has 
the resolution property then the natural functor 

D^-'^^\CohiMus.et)) ^ D^~l''\Mus.et) 
is an equivalence of categories. 

Proof. First wc show that the functor is fully faithfuU. Let E*,F' G D^-^^'^\Coh{Miis-et)) , 

we want 

to show that the canonical map 

Hom^[_i,oi(Coh(MH.-.t))(^''^') ^ ^°™D[;,^-°l(A1ii.-.t)^^''^*) 

is a bijection. We can assume E* = [E''^ F"] and F' = [F''^ F% Recall that Hom(«,F*) 
is a cohomological functor. Using the following distinguished triangle 

E-i ^ E"" ^ E* ^ E-^[l], 

we can reduce to the case where E* is a coherent sheaf E, similarly F* = F. By resolution property, 

there exists a locally free sheaf and a surjective morphism iJj: P^ ^ E. Set P~^ = ker^, then 
P* = [P~^ — 7> P^] is a complex of locally free sheaves quasi-isomorphic to E, hence E = P' in 
£)[-i,o](Coh(7Wiis_^t)). Using the distinguished triangle 

p-l ^pO ^p. 

we can reduce to the case where E' is a locally free sheaf E. Let E' = ^/^m, then rkE' < rkE, 
hence we can reeduce to E = ^m- That is, we have reduce to showing that 

Hom^[_i,o](Coh(Mis-ct))(^-^'^N) ^Hom [-1.0]. (^A^,F[n]) 

coll ^ lis-ety 

is a bijection for every coherent sheaf F and n = —1, 0. If n = —1, both groups are zero. If n = 
then both sides are T{A4,F). 

It remains to show that every complex E* G -D^~j['°^ (Alus-et) is in the essential image. We can 
assume E* = [E~^ E^]. We have the following exact sequence of complexes of sheaves 

h-'^{E')[l] ^ E' ^ [i-mdE E^] 0, 
which induces a distinguished triangle 

h-\E*)[l] ^E' ^ [imdE ^ ^0] A h-^{E')[2]. 



Notice that [imdE ^ E^] = h^{E') in -^^^^'"'(Xiis-ct)- Then we have a distinguished triangle 

h-^{E*)[l] ^E* ^ h^{E') A h-^{E')[2]. 

Since hP{E') and h~^{E') are coherent, the morphism h^[E*)[—l\ h^^{E)[V\ corresponds to a 
morphism ip: hP{E*)[—l] — )• h~^{E)[l] in L'-'^(Coh(7Wiis_(5t))- Completing to a distinguished tri- 
angle in L'-'^(Coh(A1iis-ct)) and mapping it to Df^^{A4.\\s-et) , we deduce that E' is quasi-isomorphic 
to the mapping cone of V', hence it is in the essential image. □ 

3.16. If M has the resolution property then the functor h induces a functor 

h'M-. Z)I;h'°^(-^lis-6t)°'''' ^ ^o{ACSIm). 

3.17. Proposition ([5] 2.6, 2.7). Letil): E' F* he a morphism in D^^J^'^\Miis-et) ■ If M has the 
resolution property then 

(1) ^^^/h°{jp) is representable if and only if h^{jp) is surjective, 

(2) '^^/h°{jp) is a closed immersion if and only if h~^{tp) is surjective and h^(tp) is an isomor- 
phism, 

(3) f^^/h^lip) is an isomorphism if and only if h^^t/j) and h^^{Tp) are isomorphisms. 

3.18. Theorem. If Ad has the resolution property then the functor 

^^/h"- Dtk'^hMus-etf ^ Ho{ACS/M) 
is an equivalence of categories. 

Proof. By [5j 1.6, and Proposition 13.17"! it follows that /h° is fully faithfull. It remains to show 
that every abelian cone stack C over M is in the essential image of /h°. By definition, for every 
smooth A^-scheme C/, there exist a coherent sheaf E^"^ and a locally free sheaf E^ over U such 
that £ ?7 ^ [C{E-')/c{EZ)\. The collection {^^^ E^]^ defines a complex [E'^ E^] G 

3.3. Relative intrinsic normal cone. 

3.19. Theorem ([19j 17.3, [23], [20] 2.2.5). Let S be a scheme and let M, Tl be Artin S-stacks. 
Let f : A4 ^ Tl be a quasi-compact and quasi- separated morphism of algebraic stacks. Then there 
exists L' € D^coh^-^Hs-et) such that 

(1) f is of Deligne-Mumford type if and only if L* £ D^^^^{Miis-et); 

(2) for every cartesian diagram 

f 

M' — > m' 
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h 



M — ^ m 



there exists a morphism Lg*L' — t- L*,; if h is flat, this is an isomorphism; 

given two morphisms 
distinguished triangle 



(3) given two morphisms of S-stacks Ai ^ Tl ^ Z with h = g o f , there exists a natural 



Lf*Ll^Ll^L}^Lf*Ll[l]. 

If moreover f is of Deligne-Mumford type, then 

(1) f is smooth if and only if L* is locally free in degree 0; 

(2) f is etale if and only if L' = 0; 



(3) if f factors as M M ^ DJl with i representable and a closed embedding and p of Deligne- 
Mumford type and smooth, then 

where ^ is the ideal sheaf corresponding to i. 

3.20. Remark. Notice that if / is of Deligne-Mumford type then t>_iL* G D\^l^^\M\\s-et) ■ 

3.21. Definition. Let f : M. ^ OJt be a morphism of Artin S-stacks. If / is of Dehgne-Mumford 
type, we define the relative intrinsic normal sheaf of / as the abehan cone stack 9Tj = '*Y/i''(t>_iL*). 

3.22. Remark. Smooth locally on Jvl and 9?T, the morphism / factors as A M A 9H, with 
i a closed embedding and p representable and smooth. More explicitly, let ^ be a smooth atlas 
for 5Jt and let U be an affine scheme which is an etale atlas for M Xgjj y. In particular there 
exists a closed embedding j : U ^ Ag. Let M = X5 ^ and let fjj- U ^ V be the morphism 

induced by /, then fjj factors as C/ — )• M — > y, where z is a closed embedding and p is smooth. 
Moreover, by Theorem EUl we have 01/^, = [MC^)/T^\^], where Ci = Ci/j.^^) and J is the ideal 
sheaf corresponding to i. 

3.23. Proposition ([S] 7). There exists a unique closed subcone stack C 9Tj such that 

(1) if f factors aspoi, with i representable closed embedding and p representable smooth, then 

(2) for every smooth morphism V — ?> 9Jt, let g: U = V xtjji A4 ^ V be the induced morphism, 
then <tg = (tf xm U. 

3.24. Definition. The unique closed subcone stack of 9Ij is called the relative intrinsic normal 
cone of /. 

3.25. ([5j 7) If 971 is purely dimensional of pure dimension n, then is purely dimensional of pure 
dimension n. 

3.26. Proposition ([5] 7.1). Consider the following commutative diagram of algebraic Artin stacks 
over a scheme S, 



f 

M' > 9H' 



(1) 9 h 

M m 

where the morphisms f and f are of Deligne-Mumford type. Then there exists a natural morphism 
a: — 7- g*^f such that 

(1) if (dl is cartesian then a is a closed immersion; 

(2) if moreover the morphism h is flat then a is an isomorphism. 

3.4. Perfect obstruction theories. Let f : M. — )• 9Jt be a morphism of Artin stacks over S. 
Assume that / is of Deligne-Mumford type. 

3.27. Definition. Let E* G D^~h^\M). A morphism ip: E' '^>-i-^/ ^Ioh'°'(-^) called a 
relative obstruction theory for / if h^{<p) is an isomorphism and h^^{(p) is surjective. 

3.28. Remark. If {E*,(p) is a relative obstruction theory for /, then, by Proposition 13.171 the 
morphism f^^/h°{ip) : ^ /h°{E') is a closed embedding. 
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3.29. Theorem. A pair {E* ,ip) is a relative obstruction theory for f if and only if for any geometric 
point s of S, for any small extension A' A = ^ jl in {^'^/S's,is) and any commutative diagram 

g 

Spec^ > M. 

f 



Spec A' — ^ Tl 

the obstruction h^{ip'^){obf{g,h')) G h^{{g* E'Y)<^I vanishes if and only if there exists a morphism 
g' : Spec A' — )• ^A such that g' o i = g, f o g' = h' , and moreover if h^{ip^)[obf{g, h')) = then the 
set of isomorphism classes of such morphisms g' is a torsor under h^{{g* E')^) ®I. 

Proof. Follows by Proposition IA.23I and by [5] 4. □ 

3.30. Definition. Let {E' ^ ip) be a relative obstruction theory for /. We say that {E* , ip) is perfect 
(of perfect amplitude contained in [—1, 0]) if, smooth locally over Ai, it is isomorphic to [E^^ — )• E^] 
with E~^, E^ locally free sheaves over M. 

3.31. Remark. A relative obstruction theory {E',(p) is perfect if and only if ^^/h°{E') is a vector 
bundle stack over AA. 

3.5. Virtual fundamental class. Let L> be a Dedekind domain and set S = SpecD. Let f:A4^ 
dJt he a morphism of Deligne-Mumford type of Artin stacks over S. Assume that 971 is purely 
dimensional of pure dimension m and that A4 has the resolution property. Let {E* , ip) he a perfect 
relative obstruction theory for /, we denote by 

fi:(Sf = h'/h'>{E') M 

the associated vector bundle stack of rank r. By Remark 13. 28[ the relative intrinsic normal cone 
is a closed substack of ^j. Moreover, by Theorem IB. 21 and Proposition 3.5.10, the flat pullback 

//*: A^{M/k) ^^+^(e//fc) 

is an isomorphism and we denote the inverse by O'. 

3.32. Definition. The virtual fundamental class of Ai relative to {E',ip) is the cycle class 

[M,ET'' = 0-[(tf] e A,{M/s). 

3.33. The intrinsic cone <tf is purely dimensional of pure dimension m, hence [A4,E*Y^^^ G 
Am-r{^/s) and m — r is called the virtual dimension of Ai. 

3.34. Remark. By resolution property and Theorem 13.181 we can assume that E* = [E^'^ — )• E^] 
with E~^, E^ locally free sheaves over 7W, up to replacing E' by a quasi-isomorphic complex in 
dI.^^'^\A4). In particular is isomorphic to a globally presented vector bundle stack [C(^"^)/c{£;°)] 
with C{E^) C{E~^) morphism of vector bundles over Ad. 

3.35. Proposition. Let (E*,ip) be a perfect relative obstruction theory for f, such that h^{E*) is 
locally free. Then 

(1) ifh'^iE') = 0, then Ai is smooth over Tl and [M,E']'"''~^ = [Ai]; 

(2) if AA. is smooth over^Xft, then h~^{E') is locally free and 

[M,ET'' = Cr{C{h~\E-))) - [M], 
where r is the rank of C{h^^{E')). 
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Proof. By Remark 13.341 we can assume E* = [Eq — )• Ei] with E ^, E^ vector bundles over A4. 
If h~^{E') = 0, then /i~^(t>_iL*) = h~^{L*^) = 0, since h~^{ip) is surjective. Hence t>_iL* is 
quasi-isomorphic to h^{L*), which is locally free since h?{^) is an isomorphism. Then, from the 
following distinguished triangles 

r<_2L* — )• L* ^ r>_iL* 

we get that t<_iL* and t<-2^* are quasi-isomorphic and hence t>_iL* = L^. It follows that 
= h?{L') is locally free and, by Theorem 13. 191 / is smooth. In particular ^A is smooth over S. 
Moreover, we have 

rk(£/ = -ikh^{E') = -rk/i°(L}) = -rkT/ = -dim^M, 

hence the virtual dimension of Ad is equal to dims Ad- Notice that in this case G;/ = 9T/ = (i/ = 
[-^/Tj], hence = [C/] and 

^o'[e:/] = [M]. 

Assume now that / is smooth then, by Theorem I3.19| h^^{L') = and *Jtj = = [-^/T/]. Since 
hP{E') is locally free and E' is perfect, we get that h~^{E') is locally free. Let us consider the 
natural morphism p: C{h~^{E*)) <Bf and set /I = o p. Notice that (tf Xg^ C{h~^{E')) = M, 
hence we have a cartesian diagram 



M - 


UC{h-\E')) 


1 


V 








where s is the zero-section of C{h ^ (£")). Let O' be the inverse of then O' = O' o p*. By [12j 
Corollary 6.3, 

c,(C(/i-i(s*))) • [X] = o's4>i] = o'p*[e:/] = o'[e:/] = □ 

3.36. Proposition. Consider the following cartesian diagram of Artin stacks over S, 

f 

M' > Tl' 

9 h 

M — '-^ m 

where f and f are of Deligne-Mumford type, 9Jt and 971' are smooth and purely dimensional of pure 
dimension m, Ai and A4' have the resolution property. Let {E',(p) be a perfect relative obstruction 
theory for f. If h is fiat or a regular local immersion (of constant dimension) then 

g*[M,ET"' = [M',Lg*ET"'- 

Proof. Let us notice that Lg*E* is a perfect relative obstruction theory for /'. The statement follows 
by 7.2 and Theorem [El □ 
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4. A VIRTUAL FUNDAMENTAL CLASS 

4.1. Let D he a Dedekind domain and set S = SpecD. Let X be a smooth projective connected 
scheme of finite presentation over S. We want to define a virtual fundamental class for Mg^n{^ /s, (ir}) 
relative to the forgetful morphism 

following the construction of O For this, we need a perfect relative obstruction theory for 6. 

4.1. The stack of morphisms. 

4.2. Definition. Let C be the universal curve of 9Jtg,n/s, we define the algebraic stack M.oi{C,X) 
over QJIg.n/s as follows 

(1) for every 5-scheme T, an object of Mor(C, X)(r) is a pre-stable curve {Ct T,ti) over 
T together with a morphism of S-schemes fx'- Ct — >• X] 

(2) for every 5-scheme T, a morphism from {{Ct T,ti),fT) to {{C^ T,t'^,f^) is an 
isomorphism of pre-stable curves Ct — > C^ such that fx ° = fr- 

4.3. There is a canonical functor 6: Mor(C, X) Tlg,n/s which forgets the map into X. Let us 
notice that 9 is representable and quasi-projective. Moreover, since stability is an open condition, 
the stack M.g^n{^/s, fS,^) is an open substack of Mor(C, X). 

Notice that 'rf = C x<mg „/s Mor(C, X) is a universal family for Mor(C, X) and we have the 
following commutative diagram 




Mg,n{^/s,p^) ^Mot{C,X) 
where 'rf = ^Mov{c,x) ■^g,n{-^ /s-, fir]) is the universal stable map. 

4.4. Lemma. We have F' = Rw4^*nx/s'S)u;w)[-M G D['f^l'°\MoT{C, X)) andh'/h"{F') is a vector 
bundle stack. 

Proof. Since X is smooth over S, the sheaf ^x/s is a vector bundle over X. The dualizing sheaf ujjr 
is a line bundle over because is a family of curves with at most nodal singularities (which are 
Gorenstein). Hence 'tp*Qx/s <8> oj^ is a vector bundle on Recall that the cohomology of the total 
pushforward is the higher pushforward sheaf. Moreover, vf is a fiat projective morphism of relative 
dimension 1, so the i-pushforward vanishes for i > 1 by the cohomology and base-change theorem 
( |llj Corollary 8.3.4), therefore 

RW,{i^*nx/s(S)i^) G D^^I\Mov{C,X)). 

Set ^ = 'ijj*Qx/s®^- Let .if be a vf-ample line bundle (for istance, we can take ^ = w?f(X]r=i^«)'^ 
ip* ff{3)) then, for n big enough, ^(gj.if"' is generated by global sections and R^7f^{j^ ^~'^) = 0. 
Thus we have a surjection 

W = (7f*7f,(^ (S) (g) ^ ^, 
and we denote by the kernel. Notice that J(f is a vector bundle because it is the kernel of a 
surjection of vector bundles. Hence we get the following exact sequence 

R^Tf^^ i?°7f*^ ^ i?°7f*^ ^ R^W^je' R^Tf^^ R^Tf^^ 0. 
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Since R^tt^,{^ ® ^ ") = 0, we have that R^ir^,^ = and thus i?°7r*J^ = 0. As a consequence, 
R^W^J(^ and R^W^:'^^ are vector bundles and F* is quasi-isomorphic to [R^W^J^ — )• R^W^'^]. □ 

4.5. We define a morphism Tp: F* T>-iL^ in L'J„h'°^(Mor(C, X)) as follows. By adjuction, this 
is equivalent to define a morphism 

Recall that if vf is a flat proper Gorenstein morphism of relative dimension N, then Lvf' = vf* (8i 
u^[—N]. This applies in our case with = 1 and we get Lvf' = vf* (8) La5f[— 1]. Hence to give the 
morphism Tp is equivalent to giving a morphism ip ^x/s — ^ ^*-^^- Notice that i^x/s = ^x/gi since X 
is smooth over S (Theorem 13. 19p . We define the morphism ■ip*Lx^g composition 

where C is the universal curve of QJtj.n/g, the isomorphism L^i^ = t^*L^ follows from the fact that 
^ = C xgji^^^^ Mor(C,X) and the morphism C Tlg,n/s is flat (Theorem [3T9]). 

4.6. Proposition. The pair {F',Tp) defined above is a perfect relative obstruction theory for 9. 

Proof. Let Spec A; Mor(C, X) be a geometric point. Then x corresponds to a pre-stable curve 
Cx over k together with a morphism ■i/'x- C'x X, obtained by pulling back {'i^, t/;) along x. Using 
Serre duality and cohomology and base chage theorem ( |llj Corollary 8.3.4), we have 

H\C^3*^Tx/s) = H^~\C^X{l^*^x,s®uj^)y = W-\{F'[-l]y) = h\{Lx*F'y). 
Now, let A' ^ A = ^ ji be a small extension in (^''V^s-) and consider a commutative diagram 

Spec A ^ Mor(C7,X) 

\ ^, 1^ 
Spec N > 9^9, n/s 

In particular h! corresponds to a family of pre-stable curves Ca' over N obtained by pulling back 
C — ^ SJtg.n/s along /i', and g corresponds to a family of pre-stable curves Ca over A together with a 
morphism ■0^ : Ca — > X obtained by pulling back (^, -0) along 5. Thus g extends to g' : Spec^' — >■ 
Mor(C, X) if and only if ip^ extends to V'A' • ^A' — ?■ -'^ if and only if, by Proposition IA.23I and 
Proposition IA.25[ h^{Tp'^){oh-g{g, h')) is zero in {Cx, ip^Tx /s) 'S' F Moreover the extensions, if they 
exist, form a torsor under H^{Cx,ip'^Tx/s) iS) /. By Theorem 13.291 this implies that (F* ,Tp) is a 
relative obstruction theory for and, by Lemma 14.41 F' is perfect. □ 

4.2. A perfect obstruction theory for Mg^n{^ /s, fir))- 

4.7. Corollary. Let E' = i2vr*('(/'*f]x/g®a;,r)[— 1] and let ip: E' t>_iL* be the morphism induced 
by Tp. Then {E' , ip) is a perfect relative obstruction theory for 0. 

Proof. Since the natural inclusion j : A^g^„(^/5, /3^) ^ Mor(C, X) is an open immersion, it fol- 
lows that Lj*L^ = L*, Lj*F* = E*, and ip = j*Tp. Hence, by Lemma 14.41 we have E* G 

^^coh^\-^9,n^'^ /^^ Pv))- Proposition 14.61 we know that {F',Tp) is a perfect obstruction the- 
ory for 9, hence h^(Tp) is an isomorphism and h~^{Tp) is surjective. Since the pullback j* is an 
exact functor, we have that h^{(p) is an isomorphism and h~^(ip) is surjective, which implies the 
statement. □ 
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4.8. Definition. We define the virtual fundamental class of Aig^n{-^/s, f3ri) to be 

4.9. Consider the vector bundle stack fi: (Ee = f^^/h"{E') M.g^ni^/s, (3',^). Then, by cohomology 
and base-change theorem ([11] Corollary 8.3.4) and Riemann-Roch theorem, 

rk(Bg = dimh-'^{Lx*E') - dimh°{Lx*E') 

= dimi7i(^^, V^lTx/s) - dim H'>{%,,tl;lTx/s) 

= -deg(ch(#rx/,)-td(r.^,)) 

= -deg (^T^^p;.Tx/s)+ClmTx/s) ■ (l - 

= dims X{g - 1) + ci{Tx/s) ■ ^J^x] 
= dims X{g - 1) + ci{Tx^/^) • 

for a geometric point x of M.g^n{-^/s, /3rf)- Thus 

vdim = dims Tlg,u/s - rk (£e = (dims X - 3){1 - g) - ci(rx,/J •/?,, + n. 

5. Gromov-Witten classes and invariants 

5.1. Definitions. Let D be a Dedekind domain, set S = SpecD and denote by rj the generic 
point of S. Let X be a smooth projective connected scheme of finite presentation over S and set 
Xri = X xs r]. Fix iStj E Ai{^v/ri) and g,n >0. 

5.1. Remark. Notice the following facts: 

(1) the natural functor 

u = {§, ev) : Mg,n{^/S, pr,) ^ M,,^/s XsX^ 

is proper because 6 is proper (since M.g^n{-^ /s, P-q) is proper and M^.n/s is separated) and 
X is a projective scheme; 

(2) the projection 

is flat of relative dimension 3^ — 3 + n because M.g,nis is smooth of dimension 3(7 — 3 + n 
(since stability condition is open); 

(3) the projection 

q: Mg,r./S X"^ ^ Mg, „/s 

is projective because X is projective. 

5.2. If 5 = Spec k with k an algebraically closed field and if / is a prime different from the 
characteristic of k, we can define the /-adic etale cohomology as 

H'' {X, Z/ ) = hm {X, ^/n) . 

771 

Moreover H^' {X, Qi ) = H^' {X, Zi ) Q/ and we have the cycle map 

cl:A'{x/k)Q^H'r{X,Qiir)) 
as described in [22] VI. 9. We set H*{X) = -^'^(^' QK^))) where r is the integral part of '^/2. 

5.3. Definition (Gromov-Witten classes). Let C^„_^^ G A*(Mg.,t/s xsX"/s)q be the class defined 
by u^lMg^ni^/s, f3^n)]™^ G y4*(A^g.,>/s xsX"/s)q, via Poincare duality. 
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(1) If 2(7 — 3 + n > 0, we define the linear operator 

to be I^„,^^(.) = (?, (p*(.)nC^„,^J. 

(2) If moreover 5 = Spec k with k an algebraically closed field, we can define 

as above (abusing the notation, we write C^„^^^ instead of cl(C^„^^^)). 

5.4. Remark. By Poicare duality, we can consider I^n,/3^ ^ ^ homomorphism A*(^/5)q"' — ?> 
A^{Mg,„/s/s)Q^ defined as 

5.5. Definition (Gromov-Witten invariants). If 2^/ — 3 + n > 0, we define 

for 7 = 71(g)- • •(g)7„ G j4*(''^/s)q". If 5 = Spec A; with k an algebraically closed field then (I^„^_g^)(7) 
is defined for every 7 € H*{X)®^. 

5.6. Notation. Let 7W be a proper Artin stack over a field k. Let L be a finite algebraic extension of 
k, then tMl = L X is smooth and finite of degree [L : k]. By [12] 1.7.4, pL*/52 = [L : A;], 
therefore p*^ gives an isomorphism A=K(-^/fc)Q = A^:{Ml/l)q. Let /c be an algebraic closure of k 
and set A4 = A4 X;^ k, then A*(A^/fc) = lin^^ where the limit is over all finite algebraic 
extensions L of k such that L C k. There is an induced homomorphism p: A:^(M/k) 
which gives an isomorphism A^{^/k)fQ = A:^{M/k)^; for all (3 £ A^:{^/k) we set (3 = p{/3). The same 
holds for bivariant Chow groups yl*(«)Q. 

5.7. Proposition. Let X be a smooth projective scheme of finite presentation over a field k. Let k 
be an algebraic closure of k and set X = X x^k. Then, for aZ/ 71 (g • • • 7n € A*{^/k)'^ , 

Proof. Let L be a finite algebraic extension of k and set X^ = X Xf. L. Let /3i = Pi^/3. Notice that 
Mg,n{^i^/L,f3L) = Mg^ni^/k,f3) Xfe L and thus, by Proposition ESU 

Then for all 7 G ^*(^A)q, we have I^^,^,(7) = ^^,nAD ^^^^^ ifn.F^l) = ^nAD- ° 

5.2. Deformation invariance and comparison of invariants in mixed characteristic. Let 

D be a Dedekind domain, set B = SpecD. We denote hy t] = Specif the generic point of B and let 
60, 61 G -B be closed points of B. Let it: Y B he a smooth projective family of smooth projective 
schemes and set Yr^ = Y x b rj, Yh = Y x b bh for h = 0,1. By [12j 20.3, there are specialization 
morphisms A^{Yv/ri) A^Q^h/b^) for h = 0,1. Let bh = Speckh and let kh be an algebraic 
closure of k^ for h = 0,1. We set b^ = Speck^- Recall that the cospecialization map gives an 
isomorphism H*(Yo) ^ H*(Yi), where Yh = Yh x^.,^ kh for h = 0,l ([22j VI.4.1). 
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5.8. Theorem. Let /3 G Ai{Yv/r,) and set /3h = (7h{^) for h = 0,1. Then 
for every 7 G H*{Yof'' ^ H*{Yif"'. 

Proof. Let be the localization of D at for h = 0,1, then is a discrete valuation ring with 
generic point rj and closed point bh- Let be the completion of Rh, then Rh is a complete discrete 
valuation ring with closed point bh and generic point rjXji^Rfi. Moreover RqiSidRi = K and hence 
rj X Rq = rj X ji-^ Ri. We denote by r) = SpecK the generic point of Rh- Set = Y x £) R^ and 
= y X£) r). Let ih- Yfi Y^ and : 1^ ^ 1^ be the natural inclusions. Let $ £ Ai{Yr,/fj) be the 
pullback of /3. We have the following cartesian diagram 

Mg,n{yi/vJ) -^Mg,n(.y>^/R,.,f3) ^Mg,ni^'^/b„(3h) 

Let K be an algebraic closure of K. We set /? = /3 G Ai{Y^/ri), where rJ = Specif and Y^^ = Y Xdt]. 
By [T2] 20.3.5 and Theorem IB. 21 there exists a specialization homomorphism 

and, by the functoriality of the virtual fundamental class (Proposition 13.36]) . 

By [22] VL4.1, there are isomorphisms H*{Yr,) = H*{Yh) and H*(Mg,„/^) ^ i?*(AT9,„/sJ com- 
patible with pl,p^,qh*,qv:t,'^h*,i'v*- It follows that 

Then, for 7 G H*(Yhf'', we have I^'^ (7) = I^" ^(7) for h = 0,l. □ 

5.9. Corollary. Lei X 6e a smooth projective scheme of finite presentation over a field k. Then the 
Gromov-Witten invariants {I^nPr) ^'"^ invariant under deformations of X. 

5.3. Axioms. Let X be a smooth projective scheme of finite presentation over an algebraically 
closed field k. 

(GWO) Effectivity. Let Ai{^/k)^ be the set of /3 G Ai{x/k) such that /3-ci(^) > for every ample 
line bundle ^. Then = 0, for all /3 ^ 

Proo/. If Mg^ni^/k,f3) / then f3 = f^[C] for some stable map {C,Xi,f), hence /3 G Ai{x/k)^. It 
follows that Mg,n{^/k, /3) = for every /? ^ and thus [>fg,„(^/fc, /S)]"'"* = 0. □ 

(GWl) Sn-covariance. For all 7^ G H"^^{X), we have 

I^n,/3(7l «) • • • O 7i 7i+l • • • O 7n) = (-l)'"'"''+'I^„,/3(7l ® ' ' ' ® li+l ® li ® ' ' ' ® In) ■ 

Proof. The statement follows from the following ([22j VI. 8) 

71 7i 7i+i ® 7n = (-l)'^'™'+i7i (»••• ® 7i+i 7i 7„ G H*{X''). □ 
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(GW2) Grading. We have 

n 



i=l 



Proof. The virtual fundamental class [A4g^n{^/k, is a cycle class of dimension 

vdim = (dimfc X — 3){1 — g) + n + (3 ■ ci{Tx/k)- 
Recall that M.g,n/,, is smooth of dimension 3(7 — 3 + n, then, by Poincare duality, 

Finally, if 7 € 0^^^ then p*(7) G ^^"'(TWs.n/,) and therefore 



□ 



5.10. Remark. Notice that M.g,n/s is smooth since 9Hg,„/s is and stability condition is open. Thus, 
using the formal criterion of smoothness (Proposition lA.lH Proposition lA. 22]) . one can show that 
the following morphisms are smooth 

(1) the natural functor that forgets the last marked point and stabilizes 

(2) the natural functor that identifies the last marked points 

with 2gj + rij + 1 > 3 for j = 1,2, g = gi + g2, n = ni + n2; 

(3) the natural functor that identifies the last marked points 

Tp: Mg-l.,r + 2/s Mg,u/s. 

Moreover, using the valuative criterion for properness, we can prove that is proper, since Alg,^/^ 
is proper. 



(GW3) Fundamental class. With notations as in Remark 15.101 we have 

I^n+l,/3(» «) idx) = V^n O I^n,/3(«), 

xX / f 71 U 72 if /3 = 

I^3,/3(7i«)72(8)idx)- ' 







otherwise. 



Proof. Let us form the cartesian diagram 



M 



>J\f^Mg,n{''/k,f3) 



m 



9 > 1 + 1 /fe 



01 



m 



a, 



18 



T virt 
-| virt 
, virt 



and notice that A4 is the algebraic stack of stable maps of genus g and class P with n + 1 marked 
points which remain stable if we forget the last marked point. In particular there is a regular embed- 
ding i: A4 Mg^n+ii^/f'i P) which commute with 9n+i and 9. If we define a virtual fundamental 
class [A^]^^'^* relative to 9 as described in section [J] then 

If we define a virtual fundamental class [A/"]^"^* relative to 9 then, by Proposition 13.36] 

and, by Proposition IB.141 = [A/"]^"^*. Let us consider the following natural morphisms 

M M,, n + Xfc X" X" 

_ 1^ 

and set V — yoj, Xhen the morphisms p and q commute with p^, pn^i, and Qn-iri via the following 
maps 

Al„„ + V^ x,X"+i ^ Al„„ + V. x,X« XfeX" 
where tt: X""^-*^ — )■ X" is the projection on the first n copies of X. We have 

= V*jJ\Mg^n+l{^/k,li)] 

= (id X 7r),i^„+iJATg,„+i(^//c,/3)] 
hence (id x vr)^C^„+i_^ = (99,, x id)*C^„^^. Let 7 = 71 • • • ® 7„, then 

= g*(^„ X id)* {pI{j) n C^„_^) 
= (r(7) n (id X vr),Cj„+i^^) 
= ^.(idxvr),((idx^)*ir(7)nC^„+i,^) 

= ^n+U (p;^+l(7 idx) n C^„+l,/3) 

= I^n+i,/3(7^idx). 

Notice that 7Wo,3/fe = Spec/c and Mo^'i{-^/k^ 0) = X, hence by Proposition l3.351 we have [M-ofii-^ 1^-, 0)] 
[X]. Then 

Io^3,o(7i 72 'X' idx) = 93*(P3(7i 72 <X) idx) n 

= 93* ((71 (8)72 ®idx) n y?,^[X\) 

71 U72. 

Let assume /3 / 0. Recall that i7^(Spec A;) = for ah i / 0. If X = P)" then /3 = d G Z, d > and 
hence /3 • Ci(rpr) = (i(r + 1) > r. Let 71 (g) 72 G i7"i(P^) (g) ^"^(pr)^ then 

G //"^+™^~2^-2'^('^+i)(SpecA;). 
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virt 



It 

If mi < or mi > 2r, then H"^^ (P|^) = 0, which imphes that Iq 3 ^(71 (8) 72 (X) idpj- ) = 0. Otherwise, 
if < mi,m2 < 2r then mi + 7^2 - 2r - 2d{r + 1) < and iJ™i+"^2~2r-2d{r+i)(/j.) ^ general 
let i: X — )• be a closed embedding and set d = i^,/3; since X is smooth over /c, i is a regular 
embedding ( |12] B.7.2). Form the fiber diagram 

where A4 = Uj,^=rfA^o,3("^Ai Let j : A^o,3("'*-A'i /?) ^ be the natural inclusion, then j is finite 
and flat. Set T = i o j , then 



It follows that 



Finally, we have 



Io!3,/3(7i «) 72 O idx) = q*{p*{li O 72 idx) n z^*[Mo,3(^A, 



(i*P*(7i «) 72 «) idx) n i^r [Alo,3('^^A: t^)] 



virtN 



pr (pjri*(7i 72 (8)idx) n [7Wo,3('^^A> c?)] 



virtx 



= Io,3,d(^*7i i*72 (X) idpr) = 0. 
(GW4) Divisor. With notations as in Remark 15.101 we have, for all 7 € H'^{X), 

Proof. Consider the functor 

■■ Mg,n+l{^/k, (3) Mg^ni^/k, /3) 

which forgets the last marked point and stabilizes. We have the following commutative diagram 

Mg,n+l{^/k,l3) 



□ 



Mg, n+l/^: Xk X'^' 



9,n+ 1/k 



u„xid ■ 



Mg,ni^/k,f3) Xfc X > Ms.n/fe Xk X 



n+1 



M 



9, n/k 



where = x ev„+i. By the Kiinneth formula ([22j VI. 8), we can write 



where /?' G H'^''-'^{X) and a G H"^{Mg^n{^ /k, 13)) with m less than 2vdim. The class /?' 

can be calculated by restricting to what happens over a generic point of M.g.n{-^/k, /?). Representing 
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such a point by ^ = (C, xi, . . . , x„, /), we have the cartesian diagram 

C ^^XfeX > 



ipji 

where, for ^ generic, the map i is a regular embedding, hence 

on the other hand 

i-Vn* \Mg,n+i{^/K = r ([A^,,n(^A, Z?)]™* ® + a) = 0. 

It foUows that (3' = (3 and 

{iPn X id)^i/„+ijATg,„+i(^/fe,/3)]"'* = {un X id)^^„4ATg,„+i(^/fc,/3)]"'* 

and hence x id)^C^„^]^^^ = C^„^^ (g) /3 + a'. Let 7 = 7^ (g) • • • 7„, then 

= qn* {{Pn X id)*(7 (g) 7) n {ifn X id)^C^„+i^^) 
= 5n* ((K(7) ® 7) n (C^„,^ C5 /3 + a')) 
= (/3-7)9n*(p:(7)nCj„,^) 

= (/3-7)I^n,/3(7)- □ 

(GW5) Mapping to point. Let /3 = 0, then A1g,n('''^/fc, 0) = A^g.n/j. x^ X. Let us consider the 
universal stable map 

X,.„(^A,0) 

and notice that E = R^'ir^{ip*Tx/f.) is a vector bundle of rank gdiuiX. Then 

I^n,o(7l ® • • • ® 7n) = ^* (r (71 U • • • U 7„) n ([A^3,„(^A, 0)] • Ctop(^))) , 

where p: M.g,n/k X — )• X and q: M-g^-aj^ x^ X — )• 7Ws,n/fc are the projections. 

Proof. Recall that E' = RTr^{ip*i^x/^. ®uj-n-)[—l]. By Poincare duality, 

h-\E') = h^{R-K^{'4,*VLx/^(^uj^)) = h\RTr4'il^*Tx/k)) = R^t:^{'4>*Tx/^). 

In this case 9 is smooth, since it is the composition TWg,™/^ x^ X — >• Mg,n/^: 95^9, n/^, where 
the first arrow is the projection, which is smooth because X is smooth, and the second arrow is 
the natural inclusion, which is an open immersion because stability condition is open. Hence, by 
Proposition I3.35| 

\Mg,n{^/k,^)f' = CtopiR'ir^irTx/,)) ■ [Mg,n{^/k,0)]. 
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Notice that qo v = q, therefore q^v^ = q*\ we have also the following cartesian diagram 



M 



3, 



X 



p 

Xn 



where z) = (idx)"- Then 



I^n,o(7l®---®7n) 



P*(7i ® • • • ® 7n) n iy,[Mg,n{''/k,0)f') 

V*P*{-il O • • • 7n) n \Mg^n{^/k, 



q* {p*{ii u • • • U7„) n {[Mg,n{^/k,o)] ■ ctop(^))) . 



(GW6) Splitting. Let gi, g2,ni,n2 > be integers such that 2gi + rij + 1 > 3 and set g 
n = ni + 712- With notations as in Remark 15. 10| let 7 = 71 (g) • • • (g) 7„, then 



□ 

51 +92, 



(7) 



^'gi,ni+l,l3i 

/3i+/32=/3 



I 



■92, "2 + 1 



_^^(7(i'"i)^[A]0 7("i+i'")), 



where A is the diagonal in X'^ and 7 



li ® 7i+i (8) • • • (8) 7i- 



5.11. Costello's decorated pre-stable curves. Before proving Axiom (GW6), we need to recall 
Costello's construction of 9Jts,n,,8/fc. Roughly speaking, ^g,n,p/k is a smooth Artin stack over an 
algebraically closed field of characteristic zero, which parametrizes pre-stable curves C of genus g 
with n marked points, together with a labelling of each irreducible component of C by an element 
of a semigroup A, such that the sum over irreducible components of the associated elements of A 
must he, (3 ^ A. In the following we extend Costello's construction over an arbitrary base scheme 
S. 

Let .A be a commutative semigroup, with unit G such that 

(1) A has indecomposable zero: /3 + /3' = implies (3 = 13' = 0, for all f3' G A; 

(2) A has finite decomposition: for every (3 ^ A, the set of /32 G -4. such that /3i + /?2 = /? is 
finite. 

Let us fix /3 G A. 

5.12. Definition. Given integers g, n>0, we say that the triple {g,n,(3) is stable if either (3^0 
or /3 = and 2c/ - 3 + n > 0. 

5.13. Definition. The category fibered in groupoids Tlg,n,i3r,/s is defined inductively as follows. 

(1) If {g,n,l3) is unstable, then OJtg.n./j,/^ is empty. 

(2) Suppose {g,n,(3) is stable. Let T be an S'-scheme, then an object of Tlg,-n,i3r,/s{T) is a pre- 
stable curve (C — )• T,ti) of genus g with n marked points together with a constructible 



function A: C, 



gen 



A, where C, 



gen 



T is the complement of the nodes and the marked 



points of C, such that A is locally constant on the geometric fibers of C, 



gen 



T. 



(3) If To C T is the open subscheme parametrizing non-singular curves and Cq = C x^Tq, then 

Co gen ~^ ^ must be constant with value f3. 

(4) Let gi, g2,ni,n2 > be such that g = 51+52 and n = ni+n2. Let T and T' be S-schemes and 

let T' T be a morphism of S'-schemes. Given an object (C — ?> T, ti, A) G Tlg,„,i3^/g{T), we 
denote by (C ^ T' ,t[) the pre-stable curve obtained by pulling-back the curve (C ^ T, tj) 
via h. Assume that there exist two pre-stable curves (Cj T',t'j.^) G Tlgj,^^ + i/g(T'), for 
j = 1,2, such that C is obtained by Ci and C2 identifying the last marked points. We 
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require that the induced constructible functions Xj: Cj^^^ — )• A, for j = 1,2, define a 
morphism 

T' ^ |_| SRbi,"! + l,/3l/S 9^92,12 + 

(5) Let T and T' be S'-schemes and let T' A- T be a morphism of S'-schemes. Given an object 

, 7i,^(^/5(T), we denote by (C — )■ T',t[) the pre-stable curve obtained by 
pulling-back (C — )■ T, tj) via /i. Assume that there exists a pre-stable curve (C" ^ T',t'-) G 
3K9-i,n + 2/s(r') such that C" is obtained by C" identifying the last two marked points. We 
require that the induced constructible function A' : Cg^^ A defines a morphism 

T' — y Wig - 1, n + 2, ,8/s- 

One can show directly that the category 5[Rg,„,;3„/s is a stack over the base scheme S. 

5.14. Proposition. The natural functor dytg,„, p^/g SJtg.n/s which forgets the labelling with values 
in A is etale. In particular dytg,„,0^/g is a smooth algebraic stack over S. 

Proof. We use the formal criterion for etaleness ([22] 1.3.22 and Proposition I A. 14|) . Let x: Spec k — > 
Tig, „, be a geometric point and let 

0-^1^ A' ^A^O 

be a square-zero extension in (^''Y^s,-). Given a decorated pre-stable curve (C Spec A, Oj, A) and 
a pre-stable curve (C — >• Specyl',a-) such that the diagram 

C >C' 

Spec^ — > Specj4' 

is cartesian, we want to show that there exists a unique constructible function A' : C^gn ~^ such 
that A factors through A' and (C — Spec^', a^, A') is a decorated pre-stable curve. Let us notice 
that C and C" has the same underlying topological space and that the labelling with values in A 
depends only on the topology of the family of pre-stable curves, hence there exists a unique function 
A' with the required properties. □ 

Proof of Axiom (GW6). Let us notice that Ai{^/k)j^ is a commutative semigroup then, by effec- 
tivity, the sum is finite. Denote for simplicity 

Let us form the fiber diagram 

ev„-^+l xev„2+l 

X ^ ' X XkX 
where A is the diagonal. The stack A/"*-^^'^^^ is the moduli stack of pairs 

such that = /2(yn2+i)- 
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Let us notice that the morphism 6: M.g^n{-^ /k, li) 9^9,n/fe factors through QJtg.n. s/j.. More- 
over, by Proposition 15.141 the natural forgetful map '^g,n,p/k 



OJtg.n/fe is etale. Therefore we can 



construct a virtual fundamental class [A^9,n('''-A) relative to the morphism 



(as described in section 3) and, by Theorem 13.191 we get [■M.g,n{-^ /k, 13)^^^^ = [-M-g^ni-^ /k, 1!^)] 
Notice that the composition 

is the natural forgetful functor that we denote by 0^^^'^^\ Moreover we can define a virtual funda- 
mental class [M^^^'^^^] relative to the morphism oH^^'M^ as described in section H] and, since A 
is a regular embedding, we get 



virt 



Let us consider the commutative diagram 



/3i+/32=/3 

|6l('3l.'32) 

I I 9^91,11 +l,,8l/fc Xfc 3Jts2, 112 + 1,,82/fc 

/3i+/32=/3 



and note that it is actually cartesian. By Proposition 13.36 



virt r . /32 



/3i+^2=,9 

Let Ai^^'"^^ = A^9i, m + y-k "2 + 1/fe and consider the following natural morphisms 



p 



(1,2) 



J^iPiA) ;^(1'2) ^y-^-j ^^x"" >M 

p 

where p o j> is the evaluation at the first n + 1 marked points and vr is the projection on the first n 
components, and set V = (id x vr) o i>, g = q^o (id o vr). It is easily seen that the morphisms p, p, q 
and g commute with p„, Qn, Pm+i x Pn2+i find Qni+i x (7n2+i via the following maps 

M. XfcA ^Ala.n/feXjtA 



Let us denote for simplicity 



1^1,2 = T^ni+l X fn2+l 
Pl,2 = Pm+l X Pn2+1 
9l,2 = q-ni+l X gn2+l 

>/3i,/32 - ^ S2,n2+l,/32- 
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We have 



h+ 132=13 

= (id X 7r)^(id X A)Vi,2jA7(/3,,;32)]"'*, 

/3l+/32=/3 

hence {if x id)*Cj„^^ = E/3i+/32=/3 (id x x '^)'G^i,i32- Let 7 = 71 ® • • • O 7„, then 

= ^*((/.Xid)*(p„*(7)nC^„,^) 

= E 9* (r(7) n (id X ^),(id X A)'C|;,^^^ 

/3i+/32=/3 

= E 9*(rvr*(7)n(idxA)'cJ^,^^^ 

/3i+fe=/3 

= ^ gi,2,(idx A),(r(7^id)n(idx A)'cf^,^^^ 
= E 9i,2,((idx A),r(7®id)nCf^,^J 
= E 9i,2,(pi,2*(f"^)®AC55f"^))nCf^,^,) 

,9i+/32=/3 

= E lln.+lA^lf2,n2+l,/52(f"^^®[A]^f"^^ ° 
,3i+/32=/3 

G PFTj Genus reduction. With notations as in Remark 15.10^ we have 

rolJ:n,/3(-)=lf-l,n+2,/3(*^[A]), 

where A is the diagonal in X'^. 
Proof. Let us form the fiber diagram 

ev„+i xev„+2 

X — > X XkX 



where A is the diagonal. Notice that is the moduli stack of stable maps of genus g — 1 with n + 2 
marked points such that the images in X of the last two marked points coincide. Thus Af fits in 
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the following cartesian diagram 



9 - 1,71 + 
St 



9. "/fe 



TWs - 1, n + > A^g, n/fe 

and the composition 

is the functor 0. We can define a virtual fundamental class [A/']^''^* relative to the morphism ^, as 
described in section HI Since A is a regular embedding and by Proposition 13.361 we get 

Consider the following natural morphisms 



idXTT 



n+1 



Mg - l,n + 2/fc Xfc X*^ 



M 



9 - 1, n + 2/fe 



where p o j> is the evaluation at the first n+1 marked points and vr is the projection on the first n 
components, and set u = (id x vr) o z>, q = qo {\do tt). It is easily seen that the morphisms p, q 
and g commute with p„, qn, Pn+2 and qn+2 via the following maps 



M 



9- l,n + 2/s. 'Xk 



M.g-l,n + 2lk Xfc X"" 



^ Alg - 1, n + 2/j. X A 



, virt 



Moreover, we have 

(V' X id)*z.„47Wg,„(^A,/3)]"''' = i:;.v^*[Ai,,„(^A, 

= (idx7r),z),A![AY3-i,„+2FA,/3)]' 

= (id X 7r)^(id X A)'l/„+2*[A^g-l,n.+2(^A> / 

hence (V' x id)*C^„^^ = (id x 7r)^(id x A)'C^_^ „^2,,3- Let 7 = 71 (g) • • • (g) 7„, then 

V'*I^n,/3(7) = rqn. (Pn*(7) H C^„,^) 

= g,(V^xid)*(p„*(7)nC^„,^) 
= (Fix) n (id X 7r),(id X A)'cf_i,„+2,/3) 
= q, (r (id X vr)*(7) n (id x A)'cf_i,„+2,/3) 
= qn+2, ((id X A),r(7 ® id) n Cf^i,n+2,^) 

= qn+2, (pn+2*(7 ^ [A]) H Cf^l,„+2,/3) 



lf-l,n+2,/3(7^[A]). 
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□ 



(GW8) Motivic axiom. There exists a class C^„^^ E A*{Mg.,^/k XkX'^/k)^ such that 

6. Genus zero invariants in positive characteristic 

6.1. Gromov-Witten potential. Let k be an algebraically closed field (of arbitrary characteristic) 
and let X be a smooth projective connected scheme of finite type over k. Fix /3 G Ai(^/k) and 
n > 0. Let I be a prime different from the characteristic of k. 

6.1. By [22] V.1.11, H*{X) = J2r H''{X, Qi{r)) is finitely generated over Q/. Let Tq = 1, Ti, . . . , 

be generators for H*{X). For each i = 1, . . . ,m, we introduce a variable ti of the same degree of 
Ti, such that the ti supercommute, which means 

, , _ / -.Ndegtidegij , , 

and = if ti has odd degree. 

6.2. Remark. If 7^ G H''^^{X) then (I^„^_g)(7i iX) • • • ® 7n) e Q« is zero unless 

n 

m-i = 2(vdim — 8(7 + 3 — n). 

6.3. Notation. We denote the vector (oq, . . . , Om) as a; we set \a\ = ao+' • '+0™ and a! = oq! • • • a—' 



JTf • 



Moreover we set (Iq « /j) = for n < 3. 

6.4. Definition. Let 7 = X^^q^*-^* (regarding Tj and as supercommuting variables). We define 
the genus Gromov-Witten potential as the formal series 



n>0 l3eAi{x/k) 



where is a free variable and 



|a|=n 

with e(a) = ±1 determined by 

6.5. Remark. By effectivity axiom, the Gromov-Witten potential is a formal series in TZ = 
i?[to, • • • ,tml, With R = QilqP-pe ^iTO+l- 

6.2. Quantum product. By [22j VL8, H*{XXkX) = H*{X) (g) H*{X). Let A C X Xk X he the 
diagonal, then 

6.6. Definition. We define 

Extending this linearly gives the (big ) quantum product on H* {X, TZ) . 

6.7. Remark. Notice that the Gromov-Witten invariants with n < 3 do not affect the quantum 
product. 
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6.8. Lemma. For all i,j,h, we have 



dtidtjdth ^ ^ n 

Proof. For simplicity, we will assume that H*{X,Tl) has only even cohomology so that we don't 
have to worry about signs. We have 

■' n, p \a\=n n, p \a\=n 

where a' = a — ei — ej — and ej = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the i-th position. Moreover 

n, l3 '" n, (S \a\=n 



= E E (C+3,/5)(r^+^^+^^+^'')|/- □ 

n, /3 |a|=n+3 

6.9. Theorem (WDVV equation). The Grom,ov-Witten potential satisfies the equation 

^ d^^ f d^^ ^ , ,^degt.(degt,+degt,) V- .,f 

^ dtidtjdte dtfdthdti ^ ' ^ dtjdthdte dtfdtidti' 

for all i,j, h,l. 

Proof. For simplicity, we will assume that H*(^X,TZ) has only even cohomology so that we don't 
have to worry about signs. If we set 



dtidtjdte dtfdthdti^ 
then we want to show that F{ij\hl) = F{jh\il). Consider the following cartesian diagram 

D{ij\hl) > M0:n + 4/k 

p 

— — fo — 

Speck = M.o,{i,j}u»/k Xk Mo,{h,i}u,/k — > Mo.a/^. 

where the image of ipo is a boundary point of A^o,4/j. = P^. Since the boundary points are linearly 
equivalent, the same is true for the fibers of p over these points, hence D(ij\hl) and D{jh\il) are 
linearly equivalent divisors in n + 4/^ . Let ^ U S be a partition of { 1 , . . . , n + 4} such that i,jeA 
and h,l E B. Form the following fiber square 

D{A\B) > D{ij\hl) 



then D{ij\hl) = ^AuB={i,...,n+4}D{A\B). We set 

i,jeA, h,leB 



•^(/3i,/32) =Mo,Au.i^/k,Pl) XfeMo,BU.(^A,^2)- 
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With notations as in the proof of sphtting axiom, we have the following commutative diagram 

evi 2 



where the left square is cartesian. Therefore 



idxA 



E 



/3i+/32=/3 
AuB={l,...,n+4:} 
i,j€A, h,leB 



/32)J 



AuB={l,...,n+4} 
iJeA, h,l<^B 



4(^A,/3)]' 



rev*(.) 



E 



AuB={l,...,n+A} 
i,jeA, h,leB 



0,0*[Mo,n + 4{X/k,l3)] 



E 



AuB={l,...,n+4} 



D(A\B) 



/ Io^n+4./3(*)- 

J D{ij\hl) 



'D{ij\hl) 

Let us set for simplicity = ?i (g) Tj (g) 7"^ and = Th®Ti ® 7"^ . Then, by Lemma 16.81 and 
splitting axiom, 

F{ij\hl) = ;rTr7(d+3A)(^^ ® 7nJ/^(C,+3,/32)(^/ ® ^n,)q^'+^' 

ill • 't'2 



E E E;rTr7<d+3A)(^<=®7nj5^^(C2+3,&)(r/®7n2)/ 

irt f '''^^^(1:2) <8) 7ni 7^2)/ 



/3i+/32=/3 ej 

E E E^ _ 

ni+n2=n 



y y — 



^^(1,2) (7ni O [A] (g) 7„2)/ 



I3,n I3i+I32=l3 
ni+n2=n 

y y ^ 

ni+n2=n 

y y - 

I3,n /3i+/32=/3 
AuB={l,...,n+4} 
i,jeA, h,leB 



A,0*ev*iTi (g) T,- 0Th(E)Ti0 7")/ 
. A,(^*ev* (Ti T,- ® Tft T; 7")g^ 



[•^(/3l./32)] 



Since D{ij\hl) and D{jh\il) are linerly equivalent, it follows that F{ij\hl) = F{jh\il). 

6.10. Proposition. T/ie quantum product is supercommutative with identity Tq and associative. 
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□ 



Proof. By Lemma 16.81 and 5'„-covariance axiom, 



n! 
P,n,e,f 



By the mapping to point axiom, 

r,UT,-=p2.(pl:(T.UT,-)U[A]) 

= E 9'^l'2.(ri U T,-) U (Te T/) 

Moreover, we have (Io^n+3,/3)(* ^o) = unless /3 = and n = 3. Therefore 

= Efeo)(7^o^T,0W^r^ 

= To U Ti = Ti. 

Finally, we prove that the quantum product is associative. For simplicity, we will assume that 
H*{X,TZ) has only even cohomology so that we don't have to worry about signs. We have 

e,f c,d,e,f 

and 

T, * {Tj * Th) = (_l)degT,(degT,.+degT,)(j.^. ^ ^ j,^ 

since the quantum product is supercommutative. Therefore, associativity follows from Theorem l6.91 

□ 

6.3. Reconstruction for genus zero Gromov-Witten invariants. 

6.11. Theorem. If H*{X) is generated by H'^{X) then every genus zero Gromov-Witten invariant 
can he uniquely reconstructed starting with the following system of Gromov- Witten invariants 

{ I^A^i 72 ^ 73) I /? • ci(Tx/J < dimfc X + l, deg73 = 2 } . 

Proof. Apply the WDVV equation (Theorem 16. 9p to 71 (81 • • • (8> 7n+i with indeces /i, /} = 
{l,2,n,n + 1}. Let us define a partial order on pairs (/3,n), with /3 € Ai{^/k)j^ and n > 3, by 
setting (/3, n) > (/?', n') if and only if either /? = /?' + /3" or /3 = /?' and n > n' . Then there are four 
terms of higher order in the WDVV equation each of the form 

la,b = Efeo)(7a ® 7fe ® Te)g'^l^^^_,^p){Tf ^ {(^s^a,bls)), 
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with (a, 6) € {(1, 2), (n, n + 1), (2, n), (1, n + 1)}. As shown in the proof of Proposition 16. lOl we have 

7a U 76 = 5^(I^3,o)(7a ^ 76 ® Te)g^^T^, 

hence 1^,6 = (I^„_i,/3)(7a U 7;, ((8)s5^a,67s))- Let consider (I^„^^)(7i (8) • ■ ■ (8) 7n). If deg7„ = 2, then 
we can apply divisor axiom to reduce n. Otherwise, since H*{X) is generated by H'^{X), we can 
write 7„ = X]j "^i U '^i' with degJj = 2. By hnearity, we can assume 7^ = 5' U 5, with degd = 2. 
Apply the construction above with 7^ = 6' and 7n+i = (5. Then, by WDVV equation, we get 

±(I^n-l,/3)(7l U 72 (8) 73 «) • • • 7n-l <5' (g) 5) ± (I^„_i,^)(7i • • • ® 7n-l -5' U 5) 

±(I^n-l,,3)(7l U (5 72® • • • 7n-l -5') ± (I^n-l,/?) (7l ® 72 U (5' 7cg • • • 7„_i (g) (5) = 

= a combination of higher order terms. 

By divisor axiom, the first and the fourth summands are lifted from Mo.n-i/^- Moreover in the 
third summand we have deg6' < deg7n. If deg6' = 2 then, by divisor axiom, we can reduce n, 
otherwise we repeat this trick and in a finite number of iterations we will reduce n. Finally, we can 
apply the procedure described above to (Io^3^/3)(7i "Xi 72 ® 73) and diminish deg73 > 2. □ 

Appendix A. Deformation theory 

A.l. Formal criteria of smoothness. We recall a few results on smoothness and formal smooth- 
ness of morphisms of schemes and algebraic stacks. 

A.l. Definition. A morphism of schemes /: X — t- y is smooth if it is flat, locally of finite presen- 
tation and the fibers of / are geometrically regular (i.e. for every point x £ X, all the localizations 
of ^Xx '^&Yf( ) ^(/(^)) regular, where k{f{x)) is an algebraic closure of the residue field of 
fix))' 

A. 2. Remark. If Y is locally Noetherian, then / is locally of finite presentation if and only if it is 
locally of finite type ([Kj 1.6). 

A. 3. Definition. A morphism of schemes f : X Y is formally smooth if for every ring A, for 
every nilpotent ideal I C A and for every morphism of schemes Spec A — )• Y, the canonical map 

Homy (Spec A, X) ^ Homy (Spec ^//, X) 

is surjective. 

A. 4. Remark. Both smoothness and formal smoothness can be checked locally. 

A. 5. Remark. It is enough to verify the condition of formal smoothness only on ideals I C A with 
P = 0. Indeed, let A be a ring and I C A a nilpotent ideal. In particular I"" = for some n. 
Consider Ai = ^/r for i = 1, . . . , n. Then = ^'/j., where Jj = i"/r+K Notice that Jf = and 
we have the following sequence of surjective maps 

Homy (Spec A, X) ^ Homy(Spec^//"-S X) ^ > Homy(Spec^//, X). 

A. 6. Proposition ([15] Corollary 17.5.2). Let f : X ^ Y be a morphism of finite type. Then f is 
smooth if and only if it is formally smooth. 

A.7. Proposition (|22j Proposition 1.3.24). Let f : X —?■ Y be a morphism of finite type. Then 
f is smooth of dimension d if and only if locally it is of the form SpecS SpecR with S = 
R[xi, . . . ,Xd+r]/(^p^^, _ ^p^) and the matrix of partial derivatives (^Pi/Sxj) has rank r at every point of 
Spec S. 

A. 8. Lemma. Let f : SpecS — )• Speci? be a morphism of finite type. The following are equivalent: 
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(1) f is smooth; 

(2) for every prime ideal p C R, the induced morphism /p : Spec 5" 0RRp — >■ Speciip is smooth; 

(3) for every prime ideal p C R, the induced morphism /pi Spec C?)/? i?p — > Spec-Rp is smooth. 

Proof. Notice that S Rp = {S Rp) <SiRp Rp. Since smoothness is stable under base change 
([15j Proposition 17.3.3) we have (1) (2) and (2) => (3). 

We want to prove (2) =^ (1). Assume by contradiction that / is not smooth then, by Proposi- 
tion |X?7l we have S = R[^T-<---'^'^]/{pi,...,p^) and there exists a prime ideal q C R[xi, . . . , Xn] such 
that pi,...,pr € q (hence q corresponds to a prime ideal q' C S) and ^p^/Sxj € q for all j. In 
particular € q^. Let : i? — > 5" be the homomorphism induced by / and let p = ^(q')- Notice 
that Spec S" (Si/j iip = ^■!>l^i'---'^^]/{pi,...,pr) with pr € q^Rplxi, . . . ,Xn\- Since the relative dimension 
of / and fp at q' are the same, we get that fp is not smooth, which contradicts (2). Hence / is 
smooth. 

Finally we prove (3) =^ (2) . We assume that is a local ring and that / : Spec Si^rR — Spec R is 
smooth, then we want to prove that / : Spec 5 — )• is smooth. Assume by contradiction that / is not 
smooth then, by Proposition IA.71 we have S = ^[^■i'---'^i]/(pi,...,pr) and there exists a prime ideal 
q C R[xi, . . . , Xn] as above such that pr € q^. Notice that Spec S ^r R = R[xi, . . . ,a;„]/(pi, . . . ,p^) with 
Pr € q^R[xi, . . . , Xn]- Since the relative dimension of / and / at q' are the same ([l] Corollary 11.19), 
we get that / is not smooth, which contradicts (3). Hence / is smooth. □ 

A. 9. Proposition. Let f : X ^ Y be a morphism of finite type. Then f is smooth if and only if 
for every point x € X, for every Artinian local ^Yj{x)''^^9^bra A and for every ideal I C A such 
that = 0, the canonical map 

i/omy (Spec A, X) Homy {Spec ^/i, X) 

is surjective. 

Proof. Since both conditions are local, we can assume X = SpecS and Y = Speci?. Moreover, by 
Lemma lA. 81 we can assume that i? is a local ring. If / is not smooth then, by Proposition I A. 71 we 
have S = ■ -^^-^^/ip^, . . . ,p^) and there exists a prime ideal q C R[xi^ . . . , x„] such that pi, . . . ,Pr G 
q (hence q corresponds to a prime ideal q' C S) and pi S q^ for some i. In other words, we can write 
S = '^/j with SpecT — )■ Speci? smooth and 7^ J C q^. Notice that we can assume that q C T is 
maximal. Then there exists i such that J C q* but J <f. q*"*"^. Consider the following commutative 
diagram 

R > ^/q'+^ 



3 = ^1 J 

Notice that A = '^/q'+^ is an Artinian local i?-algebra and ^/q* = ^//, where / = I'/q'+i C A and 
= 0. Then by assumption there exists a lifting S ^ A of (p. Moreover, since T is smooth over 
R, there exists a lifting ij; : T ^ A oi ip . in particular we get the following commutative diagram 



S = T/j 

which is absurd since J ^ q*+^. Hence / is smooth. □ 
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A. 10. Proposition. Let f : X —?■ Y be a morphism of finite type. Then f is smooth if and only 
if for every geometric point x of X, for every Artinian local (^yj(j)-a/(7e6ra A and for every ideal 
I C A such that 1^ = 0, the canonical map 

Homy {Spec A, X) Homy {Spec ^/i, X) 

is surjective. 

Proof. Follows from Lemma and Proposition IA.9I □ 

A. 11. Definition. A morphism of Artin stacks f:X — > y is smooth if for every commutative 
diagram 



U 



X 



f 



V 



Y 



where U, V are schemes, u, v are representable and smooth, and U ^ X Xy V is smooth, then / 
is smooth. 

A. 12. Remark. If / is representable then the condition above is equivalent to require that for every 
morphism V —?■ Y from a scheme V, the induced morphism V Xy X ^ V is smooth. 

A. 13. Proposition. Let f : X Y be a representable morphism of finite type of Artin stacks. The 
following are equivalent: 

(1) f is smooth; 

(2) for every geometric point x of X, for every Artinian local ffyj(x)- algebra A and for every 
ideal I C A such that L^ = 0, the canonical map 

Homy {Spec A, X) Homy {Spec ^/i,X) 

is surjective; 

(3) for every smooth representable morphism w: W ^ X from a scheme W, the morphism 
f o w is smooth. 

Proof. We prove (1) (2) ^ (3) =^ (1). Let x be a geometric point of X and let A and / be as in 
the statement. Consider a commutative diagram 

SpecA/i X 



Spec A Y 



We claim that if / smooth then there exists a morphism g'j^ : Spec A X such that g'x ° = 9x, 
f o g'x = g'y Set V = Spec^/i and U = V Xy X . li f is smooth then, by definition, the induced 
morphism / : U V is smooth. Notice that i and gx define a unique morphism gjj : Spec — t- U 
such that f o gu = i, u o gu = gx ■ By Proposition lA.lOl there exists a morphism g'jj : Specj4 — )■ U 
such that g'lf o i = gu, f ° g'u = id. Then we can take g'x = u o g'jj. 

Let w: W ^ X he a. smooth representable morphism from a scheme W . The morphism f o w 
is smooth if and only if, for every morphism v.V^Y from a scheme V, the induced morphism 
V xyW is smooth. Set U = V xy X, Z = W xyV, and lei J: U ^ V , w: Z ^ U he the 
induced morphisms. The morphism f o w is smooth if and only if, for every geometric point x of 
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Z = V xy W, for every Artinian local ^y.x-algebra A, for every ideal I C A such that = 0, and 
for every commutative diagram 



Spec^A Z 



fow 

bpecA > V 

there exists a morphism 5^ : Specyl — > Z such that ^^oi = gz^ fowog'^ = d'y- Let us fix such data. 
By assumptions, there exists a morphism g[j : Spec A U such that g'u o i = w o gz, f ° g'u = g'y 
Moreover w is smooth thus there exists a morphism g'^ with the required properties. 

Finally, by Proposition lA.lOl / is smooth if and only if, for every morphism v. V ^ Y from a 
scheme V ^ for every geometric point x of C/ = ^ xy X, for every Artinian local ^y^^-algebra A, for 
every ideal I d A such that = 0, and for every commutative diagram 

Spec^// U 



Spec A > y 

there exists a morphism ^r^^: Spec A — U such that g'jj o i = gu, f ° 9u — d'v Let us fix such 
data. Let w: W — ^ X be a representable smooth surjective morphism from a scheme W. Set 
Z = W Xx U and let Z — > [/ be the induced morphism, which is smooth and surjective. Then 
X ^ U factors through w and there exists a morphism gz- Spec^// Z such that w o gz = gu- 
By assumptions, f o w is smooth and thus there exists a morphism g'^: Spec^ — )• Z such that 
g'z ° ^ — 9z, f ° w o g'z = g'y Therefore we take g'jj = w o g'z- □ 

A. 14. Proposition. Let f:X^Y be a morphism of finite type of Artin stacks. Then f is smooth 
if and only if, for every geometric point x of X, for every Artinian local i?Yj{x)-o-lgchra A and for 
every ideal I C A such that P = 0, the canonical map 

Homy (Spec A, X) Homy {Spec ^/i, X) 

is surjective. 

Proof. Let us assume that / is smooth and let x, A and I as in the statement. Consider a commu- 
tative diagram 

Spec^// > X 

f 



9y 

Spec A > Y 

We want to show that there exists a morphism g'^ : Spec^ X such that 5^ oi = gx, f°g'x — d'y 
Let v: y — 7- y be a representable smooth and surjective morphism from a scheme V , then x — > y 
factors through v. By Proposition IA.131 there exists a morphism g'y-. Spec^ — )• V such that 
V o g'y = g'y. Let us form the fibre diagram 



X > Y 

Then u is smooth surjective and, by assumptions, / is smooth. Moreover there exists a unique 
morphism gjj : Spec^// U such that u o gjj = gx, f ° gu = g'v ° Thus, by Proposition lA.lOt 
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there exists a morphism g'jj-. Spec^ — > U such that g'u ° i = Qu ■, f ° 9'u = S'y- It follows that 
g'x = q'u has the required properties. 

Now we want to prove the other implication. Let us consider a commutative diagram 



U > V 



where U, V are schemes, n, v are representable and smooth, and u: [/— T^Xxy^is smooth. By 
Proposition lA.lOl / is smooth if and only if, for every geometric point x of [/, for every Artinian 
■algebra A, for every ideal I C A such that = 0, and for every commutative diagram 



local 



VJ{x) 



Spec^// U 



f 



Spec A > V 



there exists a morphism g'jj : Spec A U such that f ° g'jj 
By assumptions, there exists g'^ '■ Spec^ X such that g'x ° i 
form the fibre diagram 



5y> 9'u°^ 



u o 



gu- Let us fix such data. 
9U, f °a'x =vog'y. Let us 



W 



X 



V 



Y 



9'v. 



Then there exists a unique morphism g'y^: Spec^ — >• W such that w o g'^ = g'^^ f o g'^ 
Since u is smooth, Proposition I A. 10] ensures the existence of a morphism g'^ : Spec^ — )• U with the 
desired properties. □ 

A. 2. Deformation theory. We review some results of deformation theory (for further details see 
[24j . [16j). Let 5" be a scheme. We consider Artin stacks of finite type over S. Fix a geometric point 

Spec A: ^ S of S. Let A = &s,s and consider the category {^^^/a) of local artinian A-algebras with 
residue field k. 

Let J" (Art/A)°PP be a category fibered in groupoids. Let tt' : A' ^ A and tt" : A" ^ A be 
morphisms in (^''t/A), with vr" surjective. We form the cartesian diagram 

A' xaA" A" 



A 



A' 



then the functors 

^(vr') o Tiq'),Ti7r") o Tiq") : ^(A' A") ^ :F{A) 
are isomorphic and we get an induced functor 

^: T{A' XA A") ^ T{A') x^(^) T{A"). 

A. 15. Definition. A deformation category over A is a category fibered in groupoids J- — )• (Ary^^opp 
such that, given morphisms n' : A' ^ A and tt" : A" A in (-^'^^/a), with vr" surjective, the functor 
^ is an equivalence of categories. 
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A. 16. Definition. A small extension is an exact sequence 

in (A^Ya) such that IxriA' = 0, where mA' is the maximal ideal of A'. 

A. 17. Definition. Let J-", Q be deformation categories and u: —?■ Q a functor of categories 
fibered in groupoids. Let T^u and T^v be fc-vector spaces. We say that v has tangent space T^v 
and obstruction space T^u if, for every small extension 

^ I A' ^ A 0, 

there is a functorial exact sequence 

% / ^ T{A') ^ ^(.4) xg(^) ^ T^u % /. 

A. 18. Definition. Let J^, Q be deformation categories and z/: J-" — J- ^ a functor of categories fibered 
in groupoids. Let A! ^ A = ^ ji be a small extension and fix a' € J-'(A'), o" E t G ^l^), 

r' G G{A!) such that = a, v{A!){a') = r' and Q(i)(T') = r = z^(^)(f7). Let Aut^'lcr') be 

the group of authomorphisms of a' in J-'(A'). There is a natural homomorphism 

AutA'(cr') AutA(fT) XAutA(T) AutA'(T')- 

An infinitesimal automorphism of c' is an element of the kernel of this homomorphism. 

A. 19. Notation. Let a G T{A), r G g{A), t' g g{A') such that G{i){T') = r = i^(^)(o-). If 
ohy{a, r') = 0, we denote by Sy the set of isomorphism classes of u' G such thatJ^(i)((T') = o", 

z.(^')(a') = t'. 

A. 20. Let F: X he a, Deligne-Mumford type morphism of algebraic Artin stacks over S. Let 
Specfc X be a geometric point of X. Let A = S's;x- Consider the deformation category hx^x 
such that, for all A G (^''t/A), the objects of hxx{A) are morphisms fx'- Spec A — ?> X such that 
fx\ 

Specfc — There is a natural functor vp: hx,x ^ hy^x given by the composition with F. 

A. 21. Proposition. Let Lp be the relative cotangent complex of F. If F is representable then, for 
every geometric point x of X and for every small extension A' ^ A = ^'/i in (^'■*/^s,x), 

(1) there is a functorial surjective set-theoretical map 

obp: hx,x{^) y-hy,^XA) hY;x{A') {{Lx* L'p^ ) ® I 

such that obpifx^ fy) = if and only if there exists G hx^x^A') such that f'x°i = fx 
and F o f'j^ = f{.; 

(2) if obp{fx, fy) = then the set of isomorphism classes of f'^ G hx;x{-^'), such that = 
fx and F o f'-^ = fy, is a torsor under h^{{Lx*L*py) (g) /; 

(3) if obp{fx, fy) = and G hx,xiA') is such that Fof'-^ = fy, = fx, then the group 
of infinitesimal authomorphisms of f'^ with respect to {fx,fy) contains only the identity. 

Proof. Let v: V ^ Y hea smooth surjective morphism from a scheme V and form the fibre diagram 



p 

X > Y 

By Theorem 13. 191 Lu*Lp = L'q. By Proposition IA.141 x — > X factors through u and we know, by 
deformation theory of schemes, that there exists a functorial exact sequence 

^ h\{Lx*Ll.Y) 01^ hu,x{A') ^ hu,x{^) Xhy^A) hv,x{A') ^ h\{Lx*L*af) 0/^0. 
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Let us consider a commutative diagram 



Spec A — ^ X 



Spec A' > Y 

By Proposition IA.13t there exists fy^ : Spec A' — ?> V such that v o fy^ = fy. Then there exists a 
unique morphism fu^i : Spec^ — > U such that uofu,i = fx, G°fu,i = fvi°'>'- If /y2 ■ Spec^' — )• V 
is another morphism such that vofy^ = fy then there exists a unique morphism fyy^^y- Spec A' — > 
V xy V such that vj o fy^^y = f^j for j = 1, 2, where vj : V Xy V ^ V are the projections. Let 
us form the fibre diagram 

U XyV XyV 



U 



X > Y 



Then there exists a unique morphism fuxyV '■ Spec j4 — > U Xy V such that uj o fuxyV = fu,j for 
j = 1, 2, and H o fuxyV = fvxyV ° ^- Therefore 

ohGifujJvj) = ohoiuj o fuxyV^Vj o fy^^y) = ohnUuxyvJvxyv)- 
Hence, if we set ohpifx, fy) = ohcifu,!, fyi), this gives a well-defined surjective map 
obi.: hxd^) ^hyrAA) hrd^') ^ h\{Lx*L''aY) h\{Lx*L*pY) ® I. 

Moreover, if ohpifx-, fy) = then there exist fu € hu,x{A), fy G hv;x{A') such that uo fu = fx-, 
vofy = fy and ohcifu-, fy) = 0- Thus there exists a morphism f^ G hu^x{A') such that fjjoi = fu, 
G ° fu = /y> and = n o g is such that f'-^ o i = fx, F o f'-^ = fly. Therefore 

= /i^((Lx*L^)^) is an obstruction space for vp. 

Let us now fix fx G hx,x{A), fy G fy G /iv,x(^') such that Fofx = f'yoi, vofy = fy, 

and let fjj G hu,x{A) be the unique morphism such that u o fjj = fx, G o fjj = fy o i. Assume 
that ohpif X, fv) — 0- There is a natural map p: Sq Sp such that p{f'u) = uo f'jj. We know 
that Sg is a torsor under h^({Lx* Lq)"^) (^i /. We claim that p is an isomorphism and thus is a 
torsor under h? {{Lx* L}.y ) ® I = h?{{Lx*L'pY)(^I. Let fx G Sp, then Fo/j^ = v oj'y and hence 
there exists a unique morphism G hux{A') such that G o = /y, u o = It follows that 
/^G5Gand/^=p(/^). 

Finally, let /x G hx,x{A), fy e /iy,z(^), fy e /iy,z(^') such that F o fx = fy = fy o i. Assume 
that obi;'(/x, fy) = and fix f'^ G hx,x{A') such that F o f'-^ = fy, f'^oi = fx. We claim that 
the natural homomorphism 

Autx(/x) ^ Autx(/x) XAuty(/y) Auty(/(.), 

where Autx(/x) is the authomorphism group of f'x in X, is injective. Since F is representable, if 
an authomorphism a of f'x induces the identity of F o in y then a = id. □ 

A. 22. Proposition. Let L'x he the cotangent complex of X . Then, for every geometric point x of 
X and for every small extension A' ^ A = ^'/l in (^'"*/^s,-), 
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(1) there is a functorial set-theoretical map 

obx:hxMA)^h\{Lx*L'xy)0l 

such that obxifx) = if and only if there exists f'-^ € hx,xi^') such that fx ° i = fx; 

(2) if obxifx) = then the set of isomorphism classes of f'-^ G such that fx°i = fx 
is a torsor under h^{{Lx*L*-^^Y) (g) I; 

(3) if obxifx) = and G hx^xi^') is such that fx°i = fx, then the group of infinitesimal 
authomorphisms of f'^ with respect to fx is isomorphic to h^^ {{Lx* L^)'^ ) (g) /. 

Proof. Let u: U ^ X he a representable smooth and surjective morphism from a scheme U, then 
X ^ X factors through u. By Theorem EUl h^ {{Lx* L'^)'^ ) = h\{Lx* L^)'^) and we have the 
fohowing exact sequence 

^ h-\{Lx*L*x)'') ^ h^{{Lx*L'J') ^ /i°((LrL^)^) ^ h\{Lx* L'x)'' ) ^ 0. 

Moreover, by deformation theory of schemes, we know that there is a functorial exact sequence 

^ /i°((Lx*L^)^) hud^) ^ hu,x{A) ^ h\{Lx*Llj)^) ^1^0. 

Let fx G hx,x{A). By Proposition I A. 13] there exists € hi/^x{A) such that u o fui = fx. If 
fu,2 £ hu,xiA) is another morphism such that u o fij2 = fx then there exists a unique morphism 
fuxxU € huxxU,xiA) s uch th at uj o /t/x^c/ = fu,j for j = 1,2, where Uj: U XxU U are the 
projections. By Theorem l3.19| ui and U2 induces isomorphisms h^ {{Lx* ^ ^jj)^ ) = h^{{Lx*Llj)'^). 
Therefore 

ohuifuj) = ohuiuj o fuxxu) = ohuxxuifuxxu)- 
Hence, if we set obx(/x) = ohu{fu,i), this gives a well-defined surjective map 

obx : hx,x{^) ^ h\{Lx*Llj)'') h^ {{Lx* L'x)'^ ) ® I. 

Moreover, if ohpifx) = then there exist fu G such that u o fu = fx and ohuifu) = 0. 

Thus there exists a morphism G such that f'jjoi = fu and fx=uof^^ hx^xi^-') is 

such that f'x°i = fx- Therefore h^{{Lx* L^)"^) is an obstruction space for 

By Theorem 13.191 we have the following commutative diagram with exact rows 



^ /i-i((Lx*L^)^) hO{{Lx*Ll)^) ^ /iO((Lx*L^,^^)^) h^{iLx*Ll 



x/) 



^ /i-i((ix*L3^)V) h^{{Lx*Ll)^) h^{{Lx*Llj)'') > h^{{Lx*L\)^) 



where we set n = n o Uj. Let us fix fx G hx,x{A), fu G hu,x{A), fuxxU ^ huxxU,x{A) such 
that uojjj = fx, Uj o JuxxU = fu- Assume that obx(/x) = and fix fx G Sx, fu ^ 'Su, 
fuxxU ^ SuxxU such that u o fjj = fx-, Uj o f^y^^u = fu. There is a natural surjective map 
Su — > Sx given by composition with u. We know that Su and Su are torsors under h^{{Lx*L\j)'^)®I 
and h^{{Lx*Liy)^I, respectively. Let au G /i°((Lx*L^)^) 0/ be such that pu{au) is the identity 
ex G h^{{Lx*L*x)'^)'S>I, then a;/ = pu{otu) for some G h^{{Lx*L*^)^)®I. It follows that au'fu — 
fu and therefore «[/ = e^/. As a consequence, for every ax G /i''((Lx*-L3f )^) (g) /, we can define 
Oix-fx = uo(au- fu) ^ '^x for some ac/ G /i''((L^*L^)^)(g)/ such that ^^/(a;/) = ax • We claim that 
this defines an action of h^{{Lx* Lx)"^) (Si I over Sx which is transitive and free. Let fx G Sx, then 
there exists G Su such that uo/^ = Moreover = au-f'u for some a^/ G h^{{Lx* L\j)^)®I , 
hence = pu{au) ■ f'x- ^ow if ax • /x = f'x then ax = /0;7(ai/) and u o {au - f'u) = u° fu- 
Hence there exists a'^^^u G h^ {{Lx* ^ ^jj)^ ) (g / such that PmWuxxu) ' fu — ^u " fu ^'^'^ 
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Puiic^Uxxu) ■ f'u = f'u- Therefore Pmiauxxu) = eu, Pmiauxxu) = au, and auxxU = Pu{au)- It 
follows that 

ax = Pu{au) = PuiPuiiauxxu)) = Puxxu{auxxu) = ex, 

and this proves that Sx is a torsor under {{Lx* L'^)"^ ) (8) I- 

Finally, if fx G is such that obx(/x) = 0, let us fix E hx^xi^') such that fx°i = fx- 

We claim that the kernel of the natural homomorphism Autx(/x) — ^ Autx(/x) is isomorphic to 
h-\{Lx*L'xy)0l. Let fu G hu,xiA), f^ € huM^') such that f[^ oi = fu, uo f^ = f'^. We know 
that we have the following commutative diagram with exact rows 

Autc7(/^) Autuifu) ^Antxifx) Autx(/x) ^ hO{{Lx*Liy)(^I 

Pu 

kniuU'u) > Antuifu) > h\{Lx*LljY) / 

where Aut[/(/^) = K\iiu[fu) = {id} since [/ is a scheme. Therefore 

ker(i3,) = kutuifu) ^Autxifx) Autx(/x) C h'{{Lx*Llf) I. 

Moreover, an element of {{Lx* L'^^^Y ) 1 acts trivially on Su if and only if it is in the image of w. 
Therefore Autuifu) XAutxUx) Autx(/x) = h-H{Lx* L'^.^) ® I. □ 

A. 23. Proposition. Let Lp be the relative cotangent complex of F. Then, for every geometric point 
X of X and for every small extension A' A = ^ jl in {^'^/ffs,-^), 

(1) there is a functorial surjective set-theoretical map 

ohp: hx,x{A) ^hY^A) hY;x{A') h^ {{Lx* L'pf ) Cd I 

such that obpifx, fy) = if and only if there exists f'^ G such that f'x ° 'i = fx 

and F o f'x = f{.; 

(2) if obp{fx, fy) = then the set of isomorphism classes of f'^ € hx,x[-A'), such that f'x°i = 
fx and F o f'-^ = fy, is a torsor under h^{{Lx*Lpy) (g) I; 

(3) if obpifx, fy) = and G hx,xiA') is such that F o f'^ = fy, f'x°i = fx, then the group 
of infinitesimal authomorphisms of f'-^ with respect to {fx,fy) contains only the identity. 

Proof. Let v: V Y he a smooth surjective morphism from a scheme V, then [/ is a Deligne- 
Mumford stack. Let w: W — )• C/ be an etale surjective morphism from a scheme W then, by 
Theorem [3TT9| Lu*L'p = and Lw*L^ = L^^^. By Proposition I A. 141 x ^ X factors through u 
and u o w. Moreover hw^x — hu,x, because w is etale (^22j L3.22), and, by deformation theory of 
schemes, we get a functorial exact sequence 

^ /iO((LlE*L^)V) 01^ hu,x{A') ^ hu,x{A) y-hvrAA) hv,x{A') ^ h\{Lx*L'aY) 0/^0. 

Therefore the first and the second part of the statement follows by the proof of Proposition IA.21I 
By Theorem 13. 191 we have the following exact sequence 

^ h-^{{Lx*L'xY) ^ h-^{{Lx*L'yy) ^ h^{{Lx*L'py) ^ h^{{Lx*L'xY) ^ {{Lx* L'yf ) . 

Let fx G hx.x{A), fy € /iy^^(j4), fy G hy^x{A') such that F o fx = fy = fy ° i- Assume that 
ohpifx, fy) = and fix /j^ € hx,x{A') such that F o = /(., o i = fx. By Proposition 12221 
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we have the following commutative diagram with exatc rows 

Autx(/x) ' Autx(/x) XAuty(/y) Auty(/{.) 

I I 

> h-\{Lx*L'^y) / > Autxif'x) ^ Autx(/x) 

^ h-\{Lx*L'yy) ® I > Auty(/(.) > Auty(/y) 

from which we deduce that the only infinitesimal automorphism is the identity. □ 

A. 24. Let X be a smooth S-scheme and let Spec k X he a geometric point of X. Let C — )■ Spec x 
be a fiat morphism of schemes, with C separated. Let A = S's,x- We define the deformation category 
Defc such that, for all A € {^^^/a), the objects of Defc(^) are fiat morphisms Ca Spec^ such 
that the following diagram is cartesian 

C '-^Ca 

Specx » Spec A 

If TT : A' — >■ ^ is a morphism in (Art/^^ ^ then 

Defc(7r): Defc(A') ^ Dcfc(A) 

sends tta' '■ Ca> Spec A' to Ca> XSpecA' Spec^ Spec^. Given a morphism of schemes f : C ^ 
X, we define the deformation category Def^j such that, for all A G (Art/A)^ the objects of Defcj(^) 
are pairs of morphisms {Ca — ^ Spec A, /a) where tta is an object of Defc and /a ■ Ca ^ is 
such that fA° 9 = f- There is a natural functor Uf : Defcj Defc which forgets the morphism to 
X. 

A. 25. Proposition. The functor Vf has tangent and obstruction spaces T^ff = W~^{C, f*Tx/s), 
for i = 1,2. 

Proof. Given a small extension 

(2) O^I^A'^A^O, 
we want to study the functor 

Defc,/(A') ^ Defc,/(^) XBeic{A) Defc(A'). 
An object of Defc j (A) XDefc(^) Defc(^') is a cartesian diagram 

Ca > Ca' 

Spec^ — > Spec^' 

togheter with a morphism Ca X. We want to know whether there exists a morphism 
/a' '■ Ca' — ^ X such that /a'Ica = Ia and how unique is such a morphism. 
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Assume X = SpecT and C = Speci?, then Ca' = SpeciJ^' and Ca = Speci?^ with Ra' = 
R (8)A ^' and Ra = R ®k A. By assumption tta' is flat, then the tensor product Ra' ®a' • is exact 
and from the sequence ([2]) we get an exact sequence 

Q ^ R^kI ^ Ra' ^ Ra^ ^■ 
Notice that {Ra' ®a' I){Ra' ®A' ^a') = 0, because Ivsxa' = 0. The morphism Ja induces a homo- 
morphism T — > Ra- We have that T = ^'/j, with T' = B[xi, . . . There exists always a 
lifting g^j^i : T' Ra' of and the set of such liftings is a principal homogeneous space under 
Homx'i^T' /bj R I)- Moreover there exists a homomorphism 

a: UomT'i^lr'/BiR'^A I) ^BomT'{-J/.P,R<S)A I), 
induced by restriction, such that kera = T^i'f (8) / and coker a = T'^i^j (8) /• Since 

R0aI= {R(S)Ak) 

we have 

RomT'{nr'/s,R ®A I) = }lomT'{nr'/B,R) % / = ^°(C, m^s/s\x) 
BomT'{J/j\ R^aI)= RomT'{J/j\ i?) % / = H°{C, f*{JI.PY). 
We have an exact sequence 

J/.P VLt'/b ®T' T VLt/b 0, 
from which we deduce the following exact sequence 

^ H\C,rTxjs) ^ H\C,m^^,js\x) ^ H\C,r{J/.PY) ^ H\C,rTx/s), 
where H^{C, f*Tx/s) = 0, because C is affine and Tx/s is locally free. Hence T'^i'f = and T^Vf = 

In general, we cover X and C by open affine schemes {Xi = SpecTj} and {Cj = Speci?j}, 
and we consider open afhne covers {CA,i = SpQcRA,i} and {CA',i = Speci?^'^j} of Ca and Ca' 
respectively, where RA,i = Ri A and Ra',! = Ri ^A A'. We can chooce these covers in such 
a way that fA{CA,i) C X^. To define Ja' is the same as to define fA',i- Ca',! Xi such that 
/A',i|c^/,y = fA',j\c^,^i^, where CA',ij = Ca^i Xc^, Ca'j- By the affine case, there exist always a 
collection of liftings {fA',i}- We can assume that CA',ij is affine (otherwise we consider an affine 
cover), then there exists a unique element rjij G H^{Cij, f*Tx/s) ® I such that r]ij{fA',i) = Ja'j- 
Over Chij we have 

ilhj{fA',h) = r]iji'nhiifA',h)), 
hence rjhj = rjij + rjhi and so {rjij} G C'^{{Ci} , f*Tx/s) (8) / is a cocycle. For each i, the set of 
liftings {/a',*} is a principal homogeneous space under H^{Ci, f*Tx/s)®I- Therefore, given another 
collection of liftings {/a',^}, there exists a unique collection {rn € H^{Ci, f*Tx/s) ® 1} such that 
ilii{fA',i}) = {fA',i}- Let rjij G H°{Cij, f*Tx/s)<S'I be such that fjij{fA',i) = fA',j- Over dj we have 

Vjiflij{fA',i)) = fA',j = r]ij{fA',i) = r]ij{r]i{fA',i)), 

hence rjij = rjij + rji — rjj and the cocycle {rjij} is unique up to a coboundary. Now there ex- 
ists a collection of morphisms fA',i which coincide on CA\ij if and only if the class of {rjij} 
in H'^{{Ci}, f*Tx/s) (8 / is zero. In this case the set of such collections is equal to the set of 
{rji G H^{Ci, f*Tx/s) ® 1} and the gluing condition is equivalent to rji = rjj on Cij. It follows that 
{Vi} G H%{Ci}, rTx/s) ® I. Finally 

H'^m}J*Tx/s) = H^iC,rTx/s), 
because C is separated. □ 
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Appendix B. Intersection theory on Artin stacks over Dedekind domains 



Intersection theory for schemes of finite type over a field was developed by Fulton and MacPher- 
son ([12]) and was extended by Vistoli to a Q- valued intersection theory on Deligne-Mumford 
stacks (I27j)- In Edidin and Graham define equivariant Chow groups, which provide integer- 
valued Chow groups for global quotient stacks. In [18], Kresch takes the idea of Edidin, Graham 
and Totaro further and develops an intersection theory on Artin stacks over a field together with 
an integer-valued intersection product on smooth Artin stacks which admit stratifications by global 
quotient stacks. Using an appropriate definition of relative dimension, one can define Chow groups 
for schemes over a Dedekind domain and show that they satisfy the properties expected from in- 
tersection theory ( |12j 20). It follows that the theories in [27] and [9] are valid for stacks over a 
Dedekind domain ([27], [9] 6.2). 

Although not mentioned in [18], one can verify that the theory can be extended to Artin stacks 
over a Dedekind domain. As a consequence we get that Manolache's construction of the virtual 
pullback in [2Tj is valid for Deligne-Mumford type morphisms of Artin stacks over a Dedekind 
domain. As a consequence we are able to extend Manolache's proof of Costello's pushforward 
formula to proper morphisms of Artin stacks with quasi-finite diagonal. 

B.l. Chow groups of Artin stacks with quasi-finite diagonal. Let Z? be a Dedekind domain 
and let A4 be an Artin stack over S = SpecD. For an integral closed substack Z C M, we define 
the relative dimension ([12] 20.1) 

dims' Z = trdeg^(2")^(-^) ~ codim^T, 
where T is the closure of the image of Z in S, and k{Z), k{T) are function fields ([27J 1.14). 

B.l. Definition. We denote by Z*(-^/5) the free abelian group on the set of integral closed 
substacks of A4, graded by relative dimension. Let Wj{-'^/s) = 02^(-^)*i where the sum is 
taken over all integral substacks Z of Ai of relative dimension j + 1. There is a homomorphism 
d: Wj{-^/s) — )• Zj{J^/s) which locally for the smooth topology sends a rational function to the 
corresponding Weil divisor. The Chow groups of AA are defined to be Aj{^/s) = ^A-'^ls)/dWj(^/s). 

B.2. Theorem ([18j 3.5.7, 5.3.1). Let A4 be an Artin stack with quasi-finite diagonal over a 
Dedekind domain D. Then A^{M/s) ^ ^f'''^^'=''(-M/s'), where A^'''''"'''{M/s) are Kresch's Chow groups 
2.1.11). 

B.3. Theorem ([10] 2.7). Let M. he an Artin stack with quasi- finite diagonal over a Dedekind 
domain D. Then there exists a finite surjective morphism U ^ Ai from a scheme U . 

B.4. Remark. The morphism U Ai is strongly represent able. 

B.2. Proper pushforward ([27J 3.6-3.8, [lOj 2.8). Let tt : Af ^ Ai he a proper morphism of Artin 
/S-stacks. If Ai and J\f have quasi-finite diagonal then it is possible to define a nonrepresentable 
proper pushforward vr* as follows. 

B.5. Definition. Let u: U — ?• be a finite and surjective morphism from a scheme U. We define 
the proper pushforward 

u,: A,{U/s) ^ A,{M/s) 

by u^[Z] = deg{^ /u{Z))[u{Z)], where deg(^/«{Z)) = deg(^ u/v) for a smooth atlas V u{Z). 

B.6. Remark. Notice that V 'Xm U = V x^z) Z is a scheme and the degree deg{^/u(z)) is inde- 
pendent of the chosen atlas. Let V' — ?• u{Z) be another smooth atlas and set W = V x„(^) V' . 
Then 

deg(^ xa^ u/v) = deg{w xm u/w^ = deg{v' ^/y')- 
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B.7. Remark. The proper pushforward commutes with projective pushforward and fiat pullbaclc 
(this follows easily from the properties of the relative degree). 

B.8. Notation. We set A^{M/s)^ = A^{M/s) (g)^ Q. 

B.9. Lemma. Let u: U ^ A4 be a finite and surjective morphism from a scheme U and let ui, 
U2'- U XjVi [/ U be the projections. Then we have the following exact sequence 

M"" X- ^/5)q ^^^^^ M'^Mq ^ M^/s)q ^ 0. 

Proof. For surjectivity of tx*, let [Z] G Aj{M/s)Q. Let Z he a j-dimensional component of Z Xm U, 
then [Z] e Aj{U/s)^ and 

Notice that also u^: W^{u/s) W^{M/s) is surjective. Moreover, for [Z] G Aj{u u/s)^, 

- U2*)[Z] = u*(deg(^/«i(z))[tti(Z)] - deg{z/u2{z))[u2{Z)]) 

= deg{z/uim{z)))[u{ui{Z))] - deg{z/u{u,{z))))[u{u2{Z))] = 0. 

So it is enough to show that every a = Yli=i '^il^i] ^ ^j{^/s)Q such that u*{a) = in Zj{-^/s)Q 
lies in the image of ui^ — U2*. Since 

s 

u^a) = ^nideg{z^/u{z.))[uiZi)] = 0, 

i=l 

we may assume that u{Zi) = Z for i = 1, . . . , s. Therefore we get njdj = 0, where we set 

di = deg{^i/z). For i = 2, . . . , s, let be a j-dimensional component of Zi Xz Zi, then 

U2,[Vi\ = deg(v^V^O[^i] = eidiiZi], 

where we set Cj = deg(^«/Zi xz Zi). By properties of relative degree, 

uu[Vi\ = deg(^*/zO[^i] = eidilZi], 

and it follows that 

s 

(uu - ii2*) ^-[Fj] = a. □ 
eidi 

1=2 

B.IO. Remark. If p: T ^ U is & finite surjective morphism from a scheme T and we set t = n op, 
then we have the following commutative diagram with exact rows 

M"" ^/^)q '^^^^ ^ A^M/s)^ _^ 

B.IL Let u: U M he a finite surjective morphism from a scheme U and form the fibre diagram 

V u 
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Then y is a scheme and v is finite surjective. Moreover, by Lemma IB. 91 we get the following 
commutative diagram with exact rows 



f 1,— f2* 







which induces a map vr* : A^{-^/s)q — )• A^{-M/s)q. 

B.12. Lemma. The map tt* does not depend on the choice of the finite surjective morphism u: U ^ 
M. 

Proof. Let u' : U' Aihe a finite surjective morphism from a scheme U' and consider T = U x j^U' 
with the natural morphism p: T U, which is finite surjective. Let us form the fibre diagram 



W 



V 



T 



U 



N 



M 



and set t = u o p, ti; = v o q. Let us denote by tt^, the pullback defined via t : T 
a € A^{J^/s)q and let a" G A*(^/5)q, such that w^^a" = a, then 



II II 



M. Let 



□ 



where the last equality follows from the fact that v^:{q*a") = t^a" = a. 

B.13. Definition. We call vr* : A*(^/s')q — A^{-M/s)q the proper pushforward for vr. 

B.3. Costello's pushforward formula. In [21j Manolache uses the virtual pullback to give a 
short proof of Costello's pushforward formula ([8] 5.0.1). Here we apply Manolache's construction 
to prove the pushforward formula in a more general setting. 

B.14. Proposition. Let D be a Dedekind domain. Let us consider a cartesian diagram 

f 



Ml 

pi 



Ml 



M2 

m2 



where 



(1) 9ni,9K2 (ire Artin stacks over D of the same pure dimension, 

(2) Ali,7V42 CLfe Artin stacks over D with quasi-finite diagonal, 

(3) g is a Deligne-Mumford type morphism of degree d, 

(4) f is proper, 

(5) for i = 1,2, Pi admits perfect obstruction theory E* such that /*i?2 — ^i- 
Then 



f*[Mi,El 



virt 



virt 



in each of the following cases 
(a) g is projective, 
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(6) 2}Ti,9Jl2 are Deligne-Mumford stacks and g is proper, 
(c) 9Jti,9H2 have quasi-finite diagonal and g is proper. 

Proof. Since in each of the cases hsted above we are able to pushforward along g, the statement 
follows by the same argument of |21j 5.29, after noticing that non-representable proper pushforward 
commutes with virtual pullback. □ 
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